3.1 Function

3.2 Polynomial functions
2.3 Absolute value function
3.4 Square root function
3.5 Step function

3.6 Piecewise function

3.7 Rational function

EVALUATION §







. Determine the domain and range of the following functions,

al flxd=-2x=31+1 by fix) - - S B S B9 B (E v |
dom f =¥ dom f = -, if dowm f =R\
van f o= e, 1] _ram f = jeos, 1§ N v f o= BV -T}
i
i
2. Consider the functions fxx) = 2x — 1 and gix) == 3x% — 2x + 1. Find the rule of F
2) &f b) fog
Gefle) = 32 - VP - 22x - D)+ F Fogl) = 203 - dxc + 1) - 1
= 1257 - 16x + 6 = 6% - dx + 1 o
Z. Determine the zeros of the following functions.
al flixy = -2~ 11+6 b)Y flx) = 2Jx-3 +6 +i
-2 gnd 4 12
: - . - . . 2z .
. What are the equations of the asymptotes of thie function fise) = oY 47

The lines defined b_y__t{‘{fa equations x =L and y = -4,

B« Study the sign of the following functions.

o il g fecd s O if s o fod 2BF fed oo O iF o Yo wFEU LD wenk
8) fix) = 4Ly 4 SO0 EL B S 2 0w e, KU,

by fixi=-2 fx43 + 4  F= 0ifxc I wf; fix) > Oif x e [-3, 1]

C} fU(} - A 42 Fixh = Qifxe {1, Ho b= Oifx e o, 11013, «w.f

€. Describe the variation of the following functions.

a) fix) 2l 2l 44 F7overkr, 21§ over 2. vl

b} fix) = 1 2 1) + | f » over s, I]

L] £ over BN {1

7. Find the rule of o i

a} an absolute value function whose graph has a vertex at V(=2, 6} and passes
through the point A(1,-3). y=-3|x+2|+6

¢} asquare root function whose graph has a vertex at V(-4, -2 and passes through
the point A{S, 4). y=24x+4 -2 .
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a)

b)

Function

f“;*u\f 1 J“L” “J R@mg E E ng a function

Consider the mapping diagram of the relation R represented on the right

1, What is the source set? A={2 3 4, 5

2. What is the target set? B={4 56,7 8]

3. Complete: An element x from set A is in relation with an elementy g

from set B if x is a divisor of y.

4. 1s there an element from the source set that is in relation with more than one element from

the target set? Yes

5. Is this relation a function? Justify your answer.

No, 2 is in relation with three elements and 4 with two elements.

Consider the Cartesian graph of the relation S represented on the

right. The point {1, 3} means that the element 1 from the source set is

in relation with the element 3 from the target set.

1. What is the image of 47 i

2. What is the antecedent of 27 0

3. Is there an element from the source set that is in relation with more
than one element from the target set? No

. Is this relation a function? Justify your answer.

.

Yes, since each element from the source set is in relation to at most one element from the

target set.

84

" DEFINITION OF A FUNCTION

A relation given by a source set Alto a target set B is a function if each element from A i

aﬂ;a(ﬁ‘iafé’d'wi’th at most one element from B,

I\Aag}pmg dmgmm

Given the mapping diagram of a rdatmn dfm relation is & function:
ity fmm mah ciemem of the source set, at most one arr(m i dz&m .

Cartesian g B a;}h

Civen the ( Cartesian. graph of are i&tmn this relation is'a fumtmn 1%
ary V& rtu al lm( mtelsm ’ES tho graph 05 tiim re lation in at mnqt one
pomt h : :

Ehapter 2 Real functions

_ Risnotafunction.

© Guérin, éditeur ltée



e Set of ordered pairs
Given a relation’s set oftordered pairs, this relation is a function if the
first coordinate of esch pair verifying the relation appears only once.

e = {(a.0). (b)), (a.2)}

His not a function.

T . In each of the following cases, indicate if the relation is a function.

a)] A B by vh o ¢ G=1{(0,0)(1,-1),(1,1)}
Toot @
o E
Yes No

Yes Yes MNeo
g} G=1{(4,3),(53),(6,3)}h) )y
T
Yes Yes Yes
1t i oo
No Neo Yes

© Guérin, éditeur ltée
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Y 2 Properties of functions

Consider the function f represented on the right. S
a} What is the domain of f? [-3, 5]

b} ‘What is the range of 7 [-3, 3]
-2,0, 2 and 4

¢} What are the zeros of 7

d} What is the initial value of f? o

e} Over what interval is the function f _
1. positive? -2, 01w 12, 41 5 negative? (=3, “21\0 [0, 2j 1[4, 5] |

f} Over what interval is the function f
1. increasing? {-3. -1JU [T, 3] 2. decreasing? -1, 1] [3, 5]

g} What is, for function f, its

1. absolute maximum? 3 2. absolute minimum? -3

IPERTIES _Hmmmg

C onuder thL func tion f repre scnted on the right.

~# The domain of a function fis the subset of the elements of the
" source set which have an image in .
dom f == [-2, 4]

e The range of a function f is the subset of the elements of the
target set which are images by f.
ran f = [-3, ’1]

e The zetos of the funcdon f are the values of x for which the
function is equsal to zero. The zeros C)ffare ~1, 1 and 3.

e T he initial value of the function fis the value of y. when x = 0. The initial value of f is --3.

® Studym ¢ the a;g,n of a ium mon consists of finding the values of x for which the function is
positive or those for which the function is negative. .

f(r} =0 x e =21 U, 3L
foor = Oifx e -1, 103, 4]

* Studying the variation of a furzc’mon consists of finding the values of x for which the fungtion
is increasing or those for mhuh thie fumtion is decreasing..

fis increasing if x <0, 2]
}is decreasing if x ¢ -2,:0] U f" 4]

*  The absolute maximiom (or mm"smum) of'a function is the highest image (or the' lowmt image)
when it exists.

max f = 4, i f: _
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« Consider the function f represented on the right. Determine
a} ] ' dom f: ['-3, 4} 2. ran f o [_3; 3}

b} 1. thezerosoff: ~1 and 3
Z. the initial value: -2

¢} the values of x for which the function fis
1. positive: 3 -HUI3 4] 7 negative: 1. 31

d} the values of x for which the function fis

{1, 4] -3, 1]

1. increasing: 2. decreasing:

e} 1. the maximum of f: 3 2. the minimum of f: __ =3

F. Draw the graph of a function satisfying the following conditions.
dom f= -1, 4].

ran [ = [-2, 3].

The zeros of fare: 1 and 3.

The initial value is 1.

The function is negative when x € [-1, 1] U [3, 4].
The function is increasing when x € [-1, 2] and decreasing when
x&(2,4]

7. max f= 3 and min f= -2.

A

€. Study the following functions by completing the table helow.

a) b} ) d}
o Y o Ay &Y
AT | T S T ="
domain R [-2, +uf [-2, +=f -2, 31
range [-2, +of J-=, 2} I-=, 2] -2, 2]
Zeros O and 2 -1, I and 3 2 - and I
initial value 0 -1 1 2
fix)=0ifxe | J= 0102, +=f | [-2,-1]u[1, 3] -2, 2] -1, 1]
flx) =0ifx < [0, 2} -1, 1} [8, +oof {2, +of -2, ~1]u [1, 3]
frifxc [1, +oof {0, 21 never -2, 01
fyifxe J=, 1] [-2, 0Ju [2, +=f [-2, veef {0, 3]
extrema min f = -2 max f =2 mox f = 2 max f =2,
min = -2
"{‘« '/'w,-’ o
7
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5. Determine the domain and range of the following functions.

b) e gy - 9 -
Tade o g
);c 0 ? ;;Pc x
s
o —— .
dom = J-o, «If U [0, 2f 1 ]2, 4] dom = R dom =R
ran =J, 27 3 [ ran = [ ran = J-=, 3]

ACTIVITY 2

Area

Let s represent the side of a square and A represent its area.
A

a}) 1. What is the rule of the function f that associates, to the square’s
side s, its area? A =s?

2. Complete the table of values below and represent the function f
in the Cartesian plane ®. 14/

Side & G .5 ] 1.5 2 0
Breaft i o0 0.25 i 2.25 4

Side sA @

(=2
Syt
erieh

What is the rule of the inverse f~! that associates, to the square’s
area A, its side length 7
s=+4A

2. Complete the table of values below and represent the function
f~Vin the Cartesian plane @.

Aread 1 0 | 025 1 | 2250 4
Side 5 0 051 1 1.5

3. Explain why the inverse f-! is a function. )
Any vertical line only intersects the curve at ¢ maximum of one o f"

point.

W

¢} 1. Reproduce the two graphs in the same Cartesian plane @ where
the axes are not labeled.

2. Verify that the graphs of fand f-! are symmetrical about the bisector of the 1st quadrant.
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ANCITYITY 4 Fonctons whose imerse i nota function

a} Consider the sets A and B on the right, and the function fof A toward f
B with the rule f{x) = «*.

1. Use a mapping diagram to represent function .
2. Deduce the mapping diagram of the inverse [ 1.
3. Explain why f~! is not a function.

4 is in relation with two elements -2 and 2 by f-!. Therefore, -1 is

not a function.

b} Consider the table of values on the right of a § -2 -1 0 1

function f. x5 > 1 0 1
1. Deduce a table of values for f~!.
2. Explain why ! is not a function.

1 is in relation with two elemenis -1 and 1. x -2 -1 0 I

¢} The function fon the right has the rule f(x) = x2.

1. Deduce, by symmetry about the bisector of the Ist quadrant, + | f "
the graph of the inverse f~!.

2. Explain why the inverse f~! is not a function. st
There is a vertical line that intersects the graph of f! at 2 points. S

3. True or false? an_ ]

The inverse of fis not a function when a horizontal line can be
drawn to intersect the graph of f at more than one point. True

© Guérin, éditeur ltée 2.1 Function §9



e It fis the function of a source set A toward a target set B, the
inverse of f, written /!, has the source set B and the target set A.

¢ The inverse of a function is not necessarily a function.

f~!is a function.
domf=ranf~! = {0, 1,2}
ranf = domf~' = {0, 2, 4}

{1 is not a function.
domfi I-aﬂf-—] e {“"“1, Or 1’2}

ranf = domf~! = {0, 1, 4}

e For any function f, we have:| domf = ranf!

and

ranf = domf~!

{1 is a function:

¢ The inverse of a function fis nota function when a horizontal line can be drawn to interse ct

the graph of f at more than ane pmm

* The Cartesmn graphs of a function and its inverse are symmetrical about the line with the

R

{1 is not a function.

70
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®. Consider the mapping diagram of a function f.
a) Deduce the mapping diagram of f~!.
b} Explain why f~! is a function.

There is ot most one arvow from each element of the source set B.

¢} Determine

1. domf _ #-2.-1. 0,1, 2] 2. ranf. {-8,-1, 0, 1, &

3. domft. -8-1.0 1, 8 4, ranf-1. _2-1.0,1 2]
d} Verify that

1. domf = ranf-'. 2. ranf=domf-!

7. Indicate which of the following functions have an inverse that is also a function.

k)

Yes

< h == {(MZ’AA)J_ (""11 _2)1 (Or 0), (1,2), (2, 4)} é} o YAI /k |

&
»
=Y
Z
S

&. TFor each of the following functions,
1. deduce the graph of the inverse.
2. indicate if the inverse is a function.

T““ . S ]...
ol | IR
Yes MNo No

J
Y
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/}&fﬂ\‘fﬂf\{ 5 Rule of the inverse

A salesman in a store receives a weekly base salary of $250 and a sales commission of $] 0 per item
sold for the week.

a} Let a represent the number of items sold for the week, and s represent the total weekly salary.
Determine the rule of

1. the function f which gives the total salary s as a function of the number of items

sold a. s =250 + 10a

s - 250
. . . . . @
2. the function f~! which associates, to a given salary s, the number of items sold a. 10

b} Complete the table of values on the right
for the functions f and f 1. 7 0 > (oSt

1
fg & 250 5 300 350 400 | 450 <>f

RU&E QF ?HE !NQQERSE oy E
Gwon the functmn fwith the ruh v 2x + 6, To determine tha rule of tiu inverse f .

1. we isolate x in the rule of f. 2. we switch'the letters x and y.
y e 2x + 6 - “];“_J{ N 3
2x =y —6 Y=3

x =2y =3 B f ] therf(}.re; has the rule:y = %x - 3.

We interchange the letters x and y to respect the convention of
fenction notation which assigins x as elements of the source set
and y as elements of the target set.

8. For each of the following rules of functions, find the rule of its inverse.

a} v=>5« b) y=3x-6 ¢) y=-2x+ 10

=X = ¥
== v==+2 ¥ 2+5

(.»J;-LN N

dy v=0.1x+ 106 e} ye==

) fl yv=->x+12
v = 10x - 1000 9

w
ho |t

T8, A capital of $1000 is invested on Jenuary 1%, 2009 at an annual interest rate of 10%. Find the
rule which associates

a) a given number of elapsed years tsince the beginning, to the accumulated capital C.
C = 1000 + 100t

B} a given accumulated capital C, to the number of elapsed years t. t=0.01C-10

% 7. A car's gas tank initially contains 60 litres of gas. This car consumes on average 12 litres/100 km.
Find the rule of the function which associates,

a} a given distance traveled d (in km) to the quantity g of gas remaining in the tank.
g =-0.12d + 60

b} a given quantity g of gas remaining in the tank, to the distance traveled d (in km).
d=-26+500

72 Cheapter 3 Real functions
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! © tompasition of functions
Consider t

he function f defined by f(x) = x + 5 and the function g defined by the rule g{x) = 2x.
a) Determine

1. f1) _S6 2. gif1)) 12

b} The composition of fby g, written gofis defined by gef(x} = g(f(x)).
1. Calculate gof(1) 12
N

.

Determine the rule of gef.

gefix) = gl(f(x)) = g{x + 5) = 2x + 10
¢} Determine

1.g(l) _2 2. flghy) .7
d} The composition of g by f, written fog, is defined by feg(x) = flg(x)).
1. Calculate fog(1)7

2. Determine the rule of fog. _f°8(x} = fg(x)) = f{2x} = 2x + 5

e} Compare the rules of gef and fog.
g f(x} # foglx)
" COMPOSITION OF FUNCTIONS
o éﬁéizvé?ﬂt'wo functions fand g,

— the composition of fby g, written gof, is definied by the rule:

g°flx) = glf(x))

— the composition of g by f, written fog, is defiﬁr{éjd'_ by the rule:

foglx) = flglx)]

- Bxu Gmrz)‘()m Aw 3 and g{x) = x%, we have;

gl = e () 06
ogsflers gk 3) = (x4 30

gef

,ff W’EQ Z.\Consider the functions f(x) = 3x — 5 and g(x} = —2x + 8. Determine
ey gy =6 b) fog(~1)= 25 Q) fogldy=_-5
d) gofl0)= 18 e} gog(l)y= 20

) fog(-5)= 49

@ CGuérin, éditeur ltée
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\}oz

- a) /Determine the rule of the inverse 1

.ww\ -\

% B« Consider the functions f(x) = -2x + 5 and g{x) = 4x — 3.
\\WM Determine the rules of the following functions.
a) fog(x) =  flolxj} = H{dx - 3) = -2{(dx~3)+ 5 =-8x + } 1

b) gofix) = _ 8U0<) = g(-2x + 5) = 4(-2x + 5)~ 3 = -Bx + 17
<} foftx) = S} = f-2x 4 5) =~2(-2x 4 5) + 5=dx-5
d} goglx)= _elgt) =g(dx-3)=4(4x-3)-3=16x-15

4. Consider the functions f{x} = 2x + 3 and glx) = 3x ~ 2.

a} Determine the rule of
1. gof _gftx)=6x+7 2. fog  foalx)=6x-1

mb) Verify that gof(x) # fog(x).

\w/ @% jConmdu fix) = x + 5and gx} = x — 2. Verify that, gef{x) = fog(x).

e Bflx) =5+ 3, foglx)=x+ 3

/’ T \"\

/ 88 Consider the function flx) = 2x + R
fid = Lx-4

b} 1. Determine the rule of the composite f!of.
Floftx) = FUfx)) = f 2% + 8) = S(2x + 8) -4 = x

2. Determine the rule of the compositc fef 1.
Feflx) = fif Hx)) = f{ Jzz'té}x— ]+8mx

3. Verify that f~ of(x) = fof ' (x) = x
} Repga,t this exercise with the function f{x) = -5x + 10.
fitx) = x+2 fleftx) =x; fofx) = x

7. Consider the functions f(x) = x + 5 and f(x) = 3x + 4.
a) Determine the rule of the functions f~! and g~

Fie)=x-5  gl)=fx-2

b) Determine
1. fof Yx)me _ JUND) =flx -5} =x-5+5=x

alg™(x)) = g{%x - 5} = S{Ax - %J +4 . x

2. gogTix) = 3 2
3. fog(x)m figc)}) =fi83x + 4} =3x+4+5=3x+ 9
4, gof(x): Q(f(ff))=g(x+5)=3(x+5)+4=3x+19
¢} Determine
1 (o)) = 3573 2. (gl )~ 5575
3. glof 1) = 3573 4. flogl(x) = 3% 7%

d} What can you deduce? _(fal'(x) = g7 f"!(x) and (g-f)*(x) = f1og~1(x)

74 Ehoapter 3 Real functions
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% &s Connéer the functions f(x) = x* + 4x — 5 and g(x) = 2x — 1,

a) Determine the rule of the composite fog.
Feglx) = flgix)) = f(Zx - 1) = (Zx - 1P + #2Zx ~ 1}~ 5 = 4x? + dx - 8

b} Determine fog(2) in two different ways:
1. by finding fig(2)) = f3) =16
2. by using the rule found in a). 420 + 42} - & = 16

. In Quebec, every purchase is taxable. The goods and services tax (GST) is 5 %.
The Quebec sales tax (QST) is 7.5 %.
Let fbe the function which associates a given purchase amount x to the amount v including GST,
Let gbe the function which associates a given purchase amount x to the amount y including QST.,
aj Determine the rule of the function

1, f3 v = 1.05x 2. g y = 1.075x
b} 1. Determine the rule of the function gef. __ g°f(x) = 1.12875x foiy

2. Determine the rule of the function fog, __fogix) = 1.12875x

¢} Compare the rules of the functions gef and feg. What can you conclude?
The rules are equal. To calculate the final price of a product, it doesn’t matter if you apply

the GST first and then the QST, or the QST first and then the GST.

d} 1. What is the final price of a product with a $39.80 price tag? $44.92
2. What is the initial price tag of a product if the final cost paid is $56.447 $50

28 . The weekly salary of a sporting goods store salesman includes a base salary of $300 per week
and a $40 bonus for every item sold.

During the holidays, the owner of the store decides to give each employee a 4% bonus on their
weekly salary.

Let f be the function which gives the regular weekly salary y as a lenct1on of the number of
items sold x.

Let gbe the function which gives the bonus holiday weekly salary y as a function of the regular

weekly salary x. *
, : . Joos G s oo
a} Determine the rule of the function '

1. f: y = 40x + 30C 2. g v = X.04x 3. gOf' y=416x+ 312

b} What will an employee’s salary be, during the holidays, if he sells 4 items during the
week? $478.40

¢} How many items did an employee sell if he receives a weekly salary of $561.60 during the
holidays? 6 items
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@pem;ans B@twéeﬁ fi&ﬂﬁﬁ%@ﬁﬁs

Consider the functions f(x) = x* — 9 and g(x} = x + 3. Determine

a) flx)+ glx) = x2+x~6 b) flx) —glx)= _x2-x-12
€ fix) % gx) = 367 = 9~ 27 g) 2 - -3

@?ER@?&@?\IS QE?WQEB\E F@NQH@NS

Given two real functlons Jand g, we have:

(208 = flx) + elx) (F ~ ) = fix) - o)
(F+ g)(x) = fir) < gx) =19

Ex.: Given flx) = 27 + 2x — 15 and g{x) = 2x — &, we have:
(F+ o) = fl) + glx) = (2 + 20— 15) + (2x - 6) =% + 4x - 21
(f = @)l = flx) = glx) = (6" + 20~ 15) = (2x — 6) =% = 9.
f- 2 {r) = f( ) X ‘_,\(x (% + 25~ 15)(2x — 6) = 22° — 2x7 — 42x + 90,

Loy o ) P15 {r»%;(su 5 x45

£ 1. Consider the four functions f, g, b, and i. Let flx) = x? + x — 6, g(x) = 2x — 4, h{x) =x> — 9 and

i{x) = 3x? — 12.
a) (f+g+ hix)= 2« +3x-19 b) ((—g+h)x)= 2x2-x-11
) (F-a)x) = 2x3 - 2x2 - 16x + 24 dy (g- h){x)= 253 - 4x% ~ 18x + 36
-3x% + x x+8 e # -
&) (f h— i)x) — 3x? + x + 15 s {i](x)u > { 3}
2 + IMx - 2} X
g) [i;_g](x)ﬁ Serz) h) ( ](x) 2x-3) (x+ -3 and x + 2)

22. The condominium association of a building establishes the following fees to be charged to each
of its condo owners.

— Monthly condo fees: $225

— Monthly fees for renovations: $80

— Municipal taxes paid at the beginning of the year: $1500

a} Determine the rule of the function f which gives the cost y of condo fees as a function of
the number x of months, _y = 225x

b} Determine the rule of the function g which gives the total cost y of renovation fees and
municipal taxes as a function of the number x of months._v = 80x + 1500

¢} Determine the rule of the function f + g and interpret this rule. v = 305x + 1500
f + g gives the iotal fees charged to a condo owner as a function of the number x of

months.

d} What is the total amount of fees paid by a condo owner after 8 months of occupancy?
$3940
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a} Among the following functions, indicate which ones are polynomial functions.
If it is a polynomial function, indicate its degree.

1. P(x) = 5x L § VYes, Istdegree 2. Plx) = Ay B Yes, Znd degree
3. P(x) = ;5; 43 No 4. Plx) = -3 Yes, degree O
>, P(X) - '\f;v: — 7 __Ne 6. P(x) =t + dx? — Sy 4 3 Yes, 3vd degree

b} Represent the following polynomial functions in the Cartesian
plane on the right,

1. flx)=2 2. glx)=3x—-2 3. h(x)=x"+ 2x —1

gy

... 'POLYNOMIAL FUNCTIONS

¢ Apolynomial function is any fanction with a polynomial for a rule.
Ex.: flx) = 2 is a zero degree polynomial function. LNy ,% /a
g(xy = 2x + Fis a 1% degree p(’)].yrzomisalife.z;K:ti‘c‘m, ‘ o / f

hix) = x* — 4x + 3 is a 279 degree ptﬁ}ﬂ}@"{ﬁi‘;-ll; function. L / __\\ . / o

e

‘Degres .+ Transformed polynomial S Mame s
SRR : 3 ﬂmCﬁ_BB BN T N AR
0 flx) = b where b € R constant function
flx) = ax where a & R* direct variation linear
function
: Jx) = flx) = ax + b where a, partial variation linear
be R tunction
2 flx) = x? fix)y = ax® + bx + ¢ quadratic function
where a € R*
3 flx) = 2 flxx) = ax® + b + ex +-d | cubic function
where a € R~
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Aermyrry 2

Study @f a emﬁstam ﬂm&ti@s‘s

Consider the function f given by the rule y = 3. o vA

a} Represent this function in the Cartesian plane.

b} Determine

1. domf= _1R 2. ranf= 13 T F
3. the zeros of fif they exist. No zeros I >
4. the y-intercept. 3 ' !

5. the sign of f fix) = 0 over B N

6. the variation of f _Jf s a constant function 7 the extrema of f _maxf=minf=3

¢} What is the rate of change between two random points on the graph of f? _It is zero.

fixy=bl,bER

¢ The Cartesian graph of a constant function is a horizontal line with the equation y = b.
. -Studv of .a constant function

e A constant function is a zero degree polynomial function. It is described by a rule of the form:

~  The constant function has no zero unless b =0 .
~ fix) > Cover Rit b - 0 -+ -

Cfley < O over R z'fb <0

~  max f=

The rate of ¢ hange of any constant function is zero. .

min f e oo NN IR

A zero {mulzmz is a constant function described by the rule: f(x = (} Its Cartesian graph is

r(pr( sented by tho xwaxm

f.

78

A ski resort is open 120 days during the ski season. The cost of a2 yj -
season pass is $450. Consider the function f which gives the total cost e

v as a function of the number x of days of skiing.

X

a} How much does it cost to ski for 12 days? $450
b} What is the rule of function f? y =450 400 mhor e
¢} Represent function fin the Cartesian plane. 5 zé{) >
d) Determine

1. dom f= _ {0, 120} 2. ran f= {450/
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Consider the functions f(x) = 3x ~ 2 and g(x) = m%x +2.

a} Represent the functions fand gin the Cartesian plane on the right.

3 stul of 2 linear function

b} Study the functions f and # and complete the following table,

Function £ Eunction g
Demain Ik Ik
Range R 24
2

Zero 5 4

Initial value -Z 2
Sign fx)=0ifxe l—g, +°c[ Fx)} = 0 if x & Je, 4]
)< 0ifxe - %% fix)= 0 if x e [4, +f

Variation f is increasing g is decreasing
over % over [}

The basic 1st degree linear function f(x) = x is represented on the right.

ajy 1.
2.
by 1.
2.

Transfermations of the basic linear function

Draw the image of function f by the vertical scale change
(x,y) — {x, 3v) to obtain the graph of function g.

What is the rule of the function g? _gfx) = 3x

Draw the image of function g by the vertical translation
{x,v) — (x,y -~ 2) to obtain the graph of function h. /

mY

What is the rule of the function h? hix)=3x-2 R // T

© Guérin, éditeur ltée 2.2 Polynomial functions
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TYITY & study of 2 guadeatic function (standard form)

Consider the function f given by the rule y = ~1.5(x — 1)? + 6.

®

a} Represent this function in the Cartesian plane.
b} Determine
1. dom f= i 2. ranf= __ J= 6]
4. the initial value of f 4.5

3. the zeros of f. _—
5. the sign of i~ fix} = @ over x ¢ [-1, 3]
Ny flx}) = 0 over x € J=o, ~1J U [3, +f
24
6. the variation of f  f 7 over x ¢ J-=, I]; fo

S overxc [1, 4] et

7. theextremaoff _moxf=6

W 7/ study of a guadratic fanction (general form)

Consider the function f given by the rule y = x* — 2x — 3,

a} Is the parabola representing f open upward or downward?
_Upward, a > (.

b} What are the coordinates of the vertex? Vi1, -4)
¢} Determine the zeros of the function f. xy=~landx, =3
d} What is the initial value of {2 -3

e] What is the equation of the axis of symmetry? __ x=1

f) Represent this function in the Cartesian plane.

g} Determine:

1. domf=_R 2. ranf= __[-4, %[

3. the sign of f. flx} = 0 over x & J=, =1} U [3, +=[; flx} = 0 overx ¢ [-1, 3]
4. the variation Off f~ over x < J-oo, 1]; £7 overxc [1, 4]

5. the extrema of f. min f = -4
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Standard f(}rm Qnﬁ.ﬁwraﬁ form
a> i a<Db
flix) = a{x — h)? + k \\/ /\ fix) = ax? + bx + ¢

b2

¢ Vertex: V{h, k) s Vertex: (MWEL! 4ac ~b }
Za 4a
» Axis of symmetry: x = h * Axis of symmetry: x — g
_bh- Z_
o Zeros h + |-k o Torog: 2EAb?—dac Jb2—dac
. @ Za
e y-intercept: ¢

Factored form

flx) = alx — x,)(x — x,)

¢ Zeros: x; and x,
x] + X

2

» Axis of symmetry: x =

. Determine the domain and range of the following functions.

a) flx}=-3(x—-2)"+5 b} flx) =2 +4x -9
dom f =R dom f =R
ran f = J-=, 5] ran f=[ <11, +xf

2. Determine the zeros of the function f{x) = —3(x + 1)2 + 12. ¥ =-3 andx, = 1

©. Determine the y-intercept of fix) = - (x + 4 + 9. y=1
& F
7. Determine over what interval the function f(x) = 2x* — 5x — 3 is positive. (.. J s avmr
fx) = 0 over J”m _"J U [3, +ef 7 e A - 3

R%Ajf

. Determine over what interval the function flac) = 3x% + 6x ~ 5 is increasing, _ =1, +~1

8. Determine the extrema of the function f{x) = —2x? + 12x ~ 7. max f = 11

T8. What is the axis of symmetry of the function f{x) = —?}xz +3x4+17 _x=6

% 1. Determine the values of x for which the function f{x) = ~3(x + 4)2 + 5 is equal to -7,

x=-6orx=-2

T 2. Find the rule of the quadratic function represented by a parabola with a vertex at V(-1,5) and
passing through the point P(1, 3).

y=—~§(x+1}2+5
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13. Consider the functions f{x) = x + 3 and g{x) = —x + | represented N / B
on the right.

a} Represent the function s given that s(x) = f{x) + glx).
s{x) =4

b} Represent the function p given that p{x) = f{x) - g(x).
pix) = wx? - 2x + 3

T8l A stone is thrown upward from the top of a seaside cliff. The function which gives the stone’s
height A (in m) above sea level as a function of time 1 (in sec) since it was thrown has the rule:
h =12 4+ 121 + 160,
Find the interval of time over which the height of the stone is at least 180 m above sea level.

Between the instants § = 2 and ¢ = 10 seconds afier it was throwsn.

T%. The height h, in metres, of a diver relative to the water level is described by the rule
h = %rz — 61 -+ 10 where 1 represents the elapsed time, in seconds, since the start of the dive.

How long did the diver remain underwater?

During & seconds.

16. A projectile is thrown upward from a height of g0 4
12 m. After 10 seconds, it reaches its maximum  (m}
height and after 24 seconds, it hits the ground.
Knowing that its trajectory follows the rule of a 12
quadratic function, find the elapsed time
between the moment it reaches a height of
6.5 m, on its descent, and the time when it hits
the ground. -

0 28 Time

3
Y o -'"é(x + d)x - 24). (s}

It reaches, on its descent, a height of 6.5 m at the instant t = 22 sec. The elapsed time is

therefore 2 sec.
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On a winter fiay, the temperature (m °C), recar&ed at noon, has an absolute value of 5.

a} What is the recorded temperature that day if the temperature is:

1. above 0 °C? 5°C 2. below0°C? -5 °C
b} We represent the absolute value of a number x by |x|. Determine:
1. i+10|— 16 2. -10/= 10 3. 10— 0

¢} Is it true to say that two opposite numbers have the same absolute value? __Yes

@gsmm& VALUE OF A Rm‘ wmg -

: ihe d%)s(\:Euie value of a real number a, written fal, is de fme.d by:

_Ja i a=0
] = {-a if a0

Ex.:- ]%4{ =4 | [-3{ =3, [O| z (),

“Note that the absolute value of 4 real number is never negative.

. Determine the following absolute values,
a) |+8/= _& b} |47 = %7 g 0j= O dj |x/= __"©

& [-653= %% g L= : o [-2

Consider a real number a and a non-zero real number b. Answer true or false.

a) |d| =0 True b) Ia[ = lwa‘ True
¢} la+ b] = lal| -+ b Fualse d) Ea — bl = |al — |b) False
e} |a-bl=|al-b True Ll - bl True
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| ~ PROPERTIES -

lnr any re al number a and any rcal number b, we have *‘hf iuli owing pf'ti)p(:l‘%if-f&
o Jal =0 Ex: 4502 0;  |-4] =0
S — 4 = 4
*lat b= [+ b 7 (-2)] = 71+ |-2]
o |a— bl = |al — |b| |5~ (=3)] = 5] = 3]
° |abf = |a] - |b] |8 x (-3)] = [8] x |-3]

al 8|

#. Complete the following using the appropriate symbol =, >, < .

a}) |x+5__> 0 b} jx— 3! < 2x - D) _= 2jx - 1|
& 712 > 7] - 12 xﬂ g f) 69/ < |6 9]

Tk

3 Rbsolute value equations

a} Today's temperature x, in degrees Celsius, recorded at noon has an absolute value of 20.
Determine this temperature if
1. it is warm. 20° 2. itis cold. -20°

20 and 20

b} What are the solutions to the equation |x| = 207
¢} Consider the equation |x| = 0. What is the unigue real number that verifies this equation? @_

d} Consider the equation |x| = —4. Is there a real number that verifies this equation? Justify your
answer.
No, since the absolute value of ¢ real number is never negative,

| I&BSGLHTE VALUE E@umaggé 5
The numbe rof Sc)]uh(ms to 1}1( equatlon o |
_. x| =k
| &épe‘nds_grjl: the sign of £ I
Itk >0 k=0 k<0
The equation has 2 solutions. | | The equation has 1 solutior. The equation has no
= wlg ory=4p =0 S()lution.
X0 jx[ =3 Ex. |x| =0 Ex. || = -5
S = (-3, 3} S={0} S=
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%. Solve the following equations.

x| =12 b} |xj=- ¢} |x+3=0
= {12, 12} &= § = [~5}
d) |25+ 1] =7 o) [lx-g =4 f) 16—l =-3
& ={-4 3} & ={Z 18} =0
&. Solve the following equations.
a) 2x—5-4=0 b) —2]3x — 1]+ 4=-6 Q) 12-16—2x =3
i |47 s-l3
d) [x—5+8=2 e) -32x+5/+6=6 f) A4x—5+6=9
- _|_5 e
S=0 s=]-£ s-14.2)

a) Consider the inequality |x] = 3.
On the real number line below, represent the set of all real numbers verifying this inequality
and find the solution set.

[-3. 3]

t 1 I A i T t | i i 1 ¥ i [l S —

b} Consider the inequality |x] > 4.
On the real number line below, represent the set of all real numbers verifying this inequality
and find the solution set. :
S UL VY O N VRS N S S g . Je, ~2f U J4, +oef

4 L
H i f 3 i T I H 1

ABSMU'S’E ‘éﬂlﬁiE mm&mmsss

Gnt 1 a pmitm re d§ nurnh oy k’ we h we

Py BEEY:
2k and x =k _ ecxs-korx=k
& E; k | -k E; k i
S — [k, k] . S = Jzo, k| U [k, +2¢]
: The inequality |x] = 5 has the Ex.: The inequality |x] = 5 has the
solumon set: § = [-5, 5], {solution set: S == |-o0, ~5] L[5, +oo],

2.2 Absolute value function 87
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%. For each of the following inequalities, determine the solution set and represent it on the real
number line.

a} |x| > 10 b} x| =4

L

¢} x| >

-3

iy
i

-10 0 |
5= Jroe, ~J0O[U JIO, +oof 8 ={-4, 4]

L4

]

d) x| =-2 e} x| =

AN

£) =0

W

Y

S=0 E=R

5 =10}

VY D Basic absolute value fanction

Consider the function f defined by the rule y = |x].

a} Complete the following table of values.

~30-21-100¢ 14§27 3

3 2 I 0 1 2 3

b} Represent the function fin the Cartesian plane.

¢} Determine

1.

dom f. s 2. ranf _
the zero of f. 6 4. theinitial value of f.
(‘ fy) o2

the sign of f. fix} = O over .

s

O

o

the variation of f, £ 7 over [0, +«[, f~ over J-=, 0]

the extrerna of f, minf=0

EﬁS!ﬁ ﬁBSﬁw‘FE WRE.!JE FSNCTSGN

Ih( huu tlon f deﬁne& by the rule:

flx) = I

is ‘called the basic absolute value function.
We haver _
domf=8 . ' ran f =R,

The zecd Uf}?ii% 0.7

Sign of f: f{x ------ = () ow r .

Variatioi of ]‘ f1s increasing over ®, - fis. dcueasm;j over i}@

ht flii'l(tl(‘}ﬁf has a minimum of 0.

The initiz sI alua of ](l‘- 0

Liv

g8
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&. Consider the basic absolute value function flx) = x| represented on N0 =y X
| rep ¥
the right. '

a) Using the graph, find the values of x for which the function f(x) is:

1. equal to 2. ~2 and 2 g
2. less than 2. _ xc -2, 2 0 x
3. less than or equal to 2. xe (-2, 2} B -
4. greater than 2. % e, <2[ U2, wf 7

5. greater than or equal to 2. _x.€ ==, =214 [2, +=f

b} Usmg the graph, solve the following equations of mcquahtms
=1 S=f-1L1 _ 2. |x=0_8=0] 3. | =—1_8=2

<1 S=fF1.1] 5 jx]>3 Sl -3Ud+of 6. x]>—1 S=E

The basic absolute value function f{x) = |x| can be transformed into
an absolute value function defined by the rule

gx) = alb(x — k)| + k

a} Consider the basic absolute value function fix) = |x| and the
absolute value function g{x} = alx|.

chrestnt in the same Cartesian plane, the functions g,{x) = 2|x|,

g{x) = fol and gy{x) = ~|x| and explain how to deduce the

graph of g from the graph of f when

1, a>1: by a vertical stretch.

2. Dwa<l: by a vertical reduction. N
3., a4 =1 by a reflection ebout the x axis.

4

Complete: From the graph of flx} = [x|, we obtain the graph of g(x) = alx| by the
transformation (x, y) — __ (% ay) .

5. Is the graph of g(x) = alx| open upward or downward when
1) a > 07 upward 2) a < 07 downward

b} Consider the basic absolute value function f{x) = |x| and the
absolute value function g(x) = [bx!.
Represent, in the same Cartesian plane, the functions g, (x} = |2x],
g(x) = ‘»;:x‘ and g,{x) = |-x| and explain how to deduce the

graph of g from the graph of f when
1. b>1: by a horizontal reduction.

2. O0<b<1: by a horizontal stretch.

3 bh—=-]: by a reflection about the y axis.

© Guérin, éditeur ltée 2.3 Absolute vaiue function ge




[

¢j Consider the basic absolute value furzc‘uonfx} || and \ g NG
the absolute value function g{x) = Ix — A|.

Represent, in the same Cartesian p]ane the functions

bi(x) = |
deduce the graph of g from the g 5_,1“1]_’)}1 of f when
1.
2. h < (0 by a horizontal translation to the left.

3.

d) Consider the basic absolute value function fix) = [x| and the
absolute value function g(x) = [x| + k.
Represent, in the same Cartesian plane, the functions
g (x) = x| + 2 and g,(x) = |x| — 3 and explain how to deduce
e graph of g from the graph of f when

tﬁ

Complete: From the graph of f(x) = |x|, we obtain the graph of glx) = |bx| by the

X
transformation {x, v) = {5 ¥

Compare the graphs of the functions y = 2|x| and v = |2x] obtained in a} and b). Justify
VOUT answer. They are the same. In fact, |2x| = |2] x| = 2 |x]. .
Compare the graphs flx) = x| and f(x) = l-x|. Justify your answer.

They are the same. In fact, |x| = |-x|.

and g,(x) = [x + 2} and explain how to

i > (0 by a horizontal transiation to the right.

Complete: From the graph of f{x} = [x], we obtain the graph of g(x} = |x — k| by the
transformation (x, y} — (x + h, v} :

k> 0 by a vertical translation upward.

b < () by a vertical translation downward,

Complete: From the graph of f x) = ]xi, we obtain the graph
of glx) =
(5y) — ey sk,

' Iho g\mph 02{ t? >
ahw hmctzon Vo=

" ABSOLUTE VALUE FUNCTION f(x) = a{_;_. |

:'fum tion flx) = a{b( %= h | 4+ Ll&fd@duu d from tl]c gr 1ph of 1h€ baslc absolute
ID(J by the tr u%fmmatmn

(x,y) ( +h, ay+k>

Ex. ?ho graph of th( function flx) = w-'%il(":c = B+ 4 s ”‘”‘
ieduu d from the graph of the basic abso]utg value fnnctson i e e
g(:&f) s jh\, the tmmformdtmn (x, "v) > (/’x }« I, = 3y + 4) - -

%6  Chapter 3 Real functions © Guérin, editeur ltee



7o The following functions have a rule of the form f(x) = a|b(x — h )|
Filx) = 3, (o) = |2x), f5 () = | + 4], fi{x) = [x] + 1 and fi(x) = 2|
Complete the table on the right g e e e

+ k.
3{x — 1} — 4.

by determining, for each func- k Rae

tion, the parameters a, b, i and k }f,(x) = 3z 3011010 (x,9)— {x 3y

and by giving the rule of the .

transformation which enables frlx) = |24 12 01 be9)— [E’yf

you to obtain the function from | f(x) = lx + 4! 0104 0] (cv)—(x-4,9)

1(1;)?3(171; absolute value function RS AT T
L) =2Bx -1 -4 213 11 1-4] (60— [§g+ L2y-4

= In cach of the following cases, we apply a transformation to the basic absolute value function

v = |x|. Find the rule of the function obtained by applying the given transformation.
a) (x,y) = (x,—y) . ¥=ix] b) (x,y)— (x— 2,y +4) v=lx+2] <4
SRR R 7R d) ()= (xy ¥l

v 7k =2|3(x~ 1) -

e) (96, _V) - (3?6, “73}) f) (xr _:V) -

—§-+1,2y—4} Y

» From the basic absolute value function and using the transfor-
mation (x, y) — {% +hoay + k], represent the function

V= —-2‘—2(95 - 1)! + 4 in the Cartesian piané.‘ T

For example, (1, 1} - {4, Z) e

Consider the function flx) = 4,-312. (x—1) '__ 4

a) ldentity the parameters a, b, h and k.
a=4,b=»m§r,h:1andk=~—4

k) Is the graph open upward or downward? Justify your answer.

Upward, a > 0.

¢} What are the coordinates of the vertex? Wi, ~4)
dj Find the zeros of the function. -1 and 3

e} Represent the function fin the Cartesian plane after completing
the following table of values.

A

-4
E

oY
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| . GRAPH OF AN ABSOLUTE VALUE FUNCTION- = =
Consider the absolute value tunction defined by the rule: | |

flx) =ab(x—h) +k

e The graph is open:
~ upward if a > 0.
~ downward if a < 0.

¢ 'The graph has the vertex:| V(h, k)

¢ The graph has the following line as an axis of
symmetry:

x=~h

T0. Write the rules of the following functions in the form y = alx — b + k and identify the
parameters a, fi and k.

a) y=-23x+3]+5 b} v=4/6 ~ 3x| + 5
y==0|x+ 1| +5;a=-6h=~1, k=5 y=IZ2|x~2| +5;a=12 h=2 k=35
_ 1 Al w— .3 1.
o v= 238% 4]+ 3 dj y—mngzi-gx 3
ym»4’x-§!+3;a=n—4,h=»§},k=3 =-1|x-20]+3;a--1 h-20k=3
T 1. Graph the following functions.
a) v—-2x—2[+3 b) y= 3[4 —4x| -2 <) y=-383x—6]+4
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Consider the absolute value function f(x) = -2Jx + 5| + 8,

a) What are the zeros of this function? -2 and -1

b} Determine the sign of this function using a sketch.

Consider the functions f{x) =

218 ~ 4x| ~ 3 and g(x)

a) Write each of the rules in the form y = ajx — h| + k and represent the functions in the Cartesian

plane.

fix)=21x-2|-3

gix, mw%|x-2§ + 4

b} Do astudy of each of the preceding functions and complete the table below.

A ?rﬁﬁéﬁies . f B S LIRS I : g
Domain 5 "
Range [-3, +=] J-, 4]
. i 7 -
Zeros 5 and % 4 and 8
Initial value 1 %
Sign Fix) = 0 over f“w, %‘Ui%, "*’G[ Fix} = @ over [-4, 8]
fl) < 0 over 2, 2 F(x) = 0 over J-o, ~4] U [8, +of
Variation Fu over -, 2]; f 7 over [2, +xf f 7 over J-=, 2]; f~ over [2, +wf
Extrema min f = -3 max f =4

© Guérin, éditeur ltée
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Chiven the absolute value tunciion: f(x) == alb(x — hj| + k, we Lave:
e domf=H
o ranf= |k +x[ita > 0; |- k[ifa < 0.
» The zero(s) of f exist if a and k are opposite signs or if k= 0,
¢ To study the sign of f,
- we tind the zero(s) if they exist;
— we establish the sign of f from a sketch of the graph.
& Variation
Ifa > 0,fis decreasing over |-o¢, h]. If a < 0, fis increasing over |-, }],

e Fxtrema
a0, fhas a rinimurn, min f= k.
It 6_1[ < 0, fhas a minimum. max f = k.

Ope r downward, a < 0,

Vertex: V{-2, 6).

Axis of symmetry: x = -2,

Zeros: ~3jx 4+ 2] + 6 = 0
[ 2 o= 2

%@QQ’"‘"“

@ xS+ Q=2 orx42 =2

. STUDY OF AN ABSOLUTE VALUE FUNCTION

fis increasing over [h, +x|. fis decreasing over [h, +,

i Consider the function flx) = -3[x + 2|+ 6. (a=-3,b=1,h= -2,k = 6)

x =4 or x == ()

o Initial value: v = 0.

e dom f=: R; ran f == T-o, 6]

« Sign of f: f{x) = 0 over [ 0] f(x) < 0 over o0, —4] U [0, +].

= Variation of f: fis 1 mc:reasmg over j—et, =21 fzs cit *CTE asmg, over [-2, +el -
© max f = b

12. chrnsent the g graph and do a study of the function
flx) = *“’2(x - b+

dom =H; ran = J~w, 2],

Zeros: -3 and 5.
Initial value: 1.5.
Sign: fi{x}) = 0 over [-3, 5].

ftx} < O over J-=, 2[ U ]5, v,
Variation: f 7 over J-=, 1]; f v over [I, +>f
Extrema: max = 2

84 Chopter & Real functions
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9&. Determine the domain and range of each of the foHowing functions.
a) y=-2x+ 5|~ 1 o By ye=gl2x -1+ S

i
kS

dom =R, ran = j-=, -1} .. dom =R, ran =[5, +oof

T4. Determine the zeros of the following functions.
2 14
a)y:3|x“51*6 3 and 7 b) y*“miﬁ—BX‘%ﬁl ME«xnd-—‘;
¢} y=42x+ 1| + 8_Nozero d) y=-5/6-x_F¢

5. Consider the linear function f(x) = 2x — 3 and the absolute valuc functloﬂ g( ) = 3|3x + 5| — 4.

Determine the initial value of the composite @ /uw 24 @ f b =4 |
a) goff«8 b} fogix19 £ 00 [
Determine the interval over which each of the following functions is positive.
e

a) y=-3x 5/ +2 B b} y=2[3 ~ 2« - 4

fix) = O over -1, 21] fx) = O over %ﬁ U E%’ ‘*001
<) y=31-2x+4 -3 d} y=3x—5+6

flx) = O over J-=, O U [4, +=f fix) = O over

T 7. Determine the interval over which each of the following functions is increasing.

a} y=>5|6~ 4x| + 2 by y=-3|2x+4+5

f 7 over %, +°°{ f 7 over Jrw, =2

T 8. Determine the solution set to each of the following inequalities.
a) [x—5/>3 b) 16—« <1 Qg PBx—2/ =4
= Jon, 2[ U 18, +oof S =[5, 7] § = oo, - 2]y (2,4
d) [2x+5/ <0 e) 2 1] +5>-5 ) 32— x40
5 .

5= {“El S=J6 4 s=n
a) 6-3x—1/<0 hy —2x 1] +5>0 i) §-q>o

8 = o, ~1J U 3, v §=1-2, 3 8 = q\{2}

1 b
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£9. Study each of the following functions and complete the tollowing table.

flay = =dx — 1144 flay=3x+ 1 8 flx) = clx - & S5l ~35 - x
Dom | It fi2 iy R
Ran f =, 41 -6, +o=f 13, +=f Jon, O]
Zero(s) ~-I and 3 ~4 and O None 5
il they exist
Initial value 2 0 5 ~15
Sign f(x) = O over [-1, 3] f(x) = 0 over J-=, —4] ) [G, +=f fix) = O over R Jex} = 0 over (5}
flx) = 0 over Jro=, 1[0 ]2, +of Ax) < 0 over J-4, Of Hx} < O never £ f(x) < 0 over H\[5}
Variation F 7 over J-=, I} F 7 over -2, +=f F 7 over 4, +=f 7 over -, 5]
v over (1, +=f f over }-=, 2] Fy over j-=, 4} f v over [5, +oof
Extrema max = 4 min = & min = 3 max = §

U Finding the rule of an absolute value function

The rule of any absolute value function can be written in the form f{x) = alx ~ bl + k.

a} Consider the function f(x) = 3|-2{x — 5)| + 7.

Write the rule of this function in the form f{x) = ajx — h| + k.

b) Consider the absolute value function with the vertex

V(-2, 4) and passing through the point P(1, -2).
1. Identify hand k. R =~2, k=4

2. Determine a knowing that the coordinates of the point

P(1, -2} verify the rule of the function.
We have: y = ajx + 2] +4

-Z=all+2|+4

-6 = 3a

a w2

3. What is the rule of the function?

96 Chapter £ Real functions

foj=-2|x+21+4

y=6|x~5|+7

N R‘f
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1st case: The vertex V and a point P are given,

?éiﬁﬁmﬁ THE RULE OF AN ABSOLUTE VALUE Nﬁﬁ'@ﬁ?&@!@

: Eh( rule oi any absolute value function can be written in the form:

flx) = al|x ~ k| + k

1. Identity the parameters h and k. Ih=-landk =
y=alx+ 1]+ 2 Vi-1,2)

2. Find a after replacing x and y in the rule 2.-1=al2+ 1} +2

by the coordinetes of the given point P. -1=3a+2

a1 P2, 1)

3. Deduce the rule. 3.y = x4 1+ 2
Zud case: Three points, of which two have the same y-coordinate, are given, v
1. Identify h as I).éll_f.‘:t].'lé?: sum of the z-coordinates 1. o EOED \

of the points with the sare y-coordinates, T o

ny

4.

. Find the slope of the ray passing through

two given points, and establish parameter a
according to the opening of the graph.

Find 'k after replacing x and y inithe riile
by the coordinates of one of the é,lva n
points.

Deduce the rule.

3rd case: Any't}'}ree poiut‘s; are given

- two ngon pomix, Lmd & smb ﬁh paramn ur a

o hmcordmv to the opening of the giaph

3

}md the equation of each ray; erwmg

that their slopes are opposite..

Find the coordinates (b k) of the:

o wvertex V), which is the mtersecnou
o o’f th(? two TaYS. ;

Dedute the rule.

2 ARG, 2047 % B2, 2)
2. Slope s 22220 1 : :

gl SECLL

@ == ;%‘ (optn downward)

3. y=—glx+4|+k

k=3

4y =—2|x+4]+3

Thus, V(1,2)

4y .-%:‘x_w 1l+2 Y
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Find the rule of an absolute value function whose graph

a} has the vertex V(3, 4} and passes through the point P(7, 6).

v=tlx-31+4

€

b} passes through the points A(2, -6), B(5, -8) and C(~4,

-6).
¢} passes through the points A(1, 1), B(3, -5) and C(-4, -3).

217.

In order to draw the simulated trajectory of a toy airplane, Fthan uses the rule of an absolute

value function that gives the airplane’s height y, in metres, as a fanction of elapsed time x, in

seconds. The rule of the function is y = -%|x — 8 + 10.

4.8 seconds

For how many seconds is the height of the airplane above 7 m?

In the Cartesian plane on the right, a view of an airplane
hangar is represented with the roof of the hangar corres-
ponding to an absolute value function given by the rule
y:mg% 6]+ 8.

a) What is the height of the wall AQ? 5m

vE

b} What is the height of the wall CD if the width of the
hangar is equal to 16 m? _3 m

0

e

¢} The ceiling EF is built at a height of 6.5 m. What is the width of the ceiling? Em .

22 . The graph on the right represents the evolution of a share’s
value on the stock market. Bight weeks after its purchase,
the share reaches its maximum value of $9. If it initially
was worth $7, what will it be worth after 13 weeks?

v=alx~8}+9; 7=8a+9;a=—2

Value 4

— 4

ve 3 ix-8]+9.

L e

PR

P

It will be worth $7.75.

24, The graph on the right represents the profit of a Profit
recycling company during its first 40 weeks of {inthousands
operation. of )
During how many weeks was the profit greater than
$15 0007

y=-2Z|x~25| + 30

. Number of
weeks

{25, 30)

o,

“Z2|x-25]+30=15;x=}7.5 orx =325,

During 15 weeks.

98 Chapter 3 Real functions
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@%. The air conditioning system in an office building has been programmed so that it turns on

when the outside temperature reaches 23 °C and turns off when it reaches 20 °C.

The outside temperature varies according to the rule of the absolute value function given by

v =3
represents the outside temperature in °C.

How many hours was the system on?

It turns on at 8 a.m. and turns off at 5 p.m. The system is on during 9 hours.

x — 6f + 35 where x represents the elapsed number of hours since 6 a.m. and y

The lateral view of a channelling system is represented in the
Cartesian plane on the right, scaled in metres.

The walls of this system are represented by an absolute value
function with the rule: y = 3jx — 8] + 12.

A filtering net is placed 4 m below the ceiling of the canal. If
the width of the canal is 8 m, what is the width of the filtering
net?

Whenx =12, vy = 24;
) i 32 . .
Wheny =20, x = "3 orx =3 . The width of the net is 5.33 m.

w

2% . The graph on the right represents the front of a house. The base
of the roof corresponds to the line y = 5.

The sides of the roof form the graph of an absolute value func-
tion passing through the points A(-2, 3), B(2, 13) and C(8, 8).

What is the area of the triangle limited by the roof and the line?

v=-21x-4[ + 18; base = % ; height = 13.

2

The area of the triangle is 67.6 u?,

28. A projectile is thrown from a height of 6 m and Heiaht
follows the trajectory of an absolute value function. It ?,;g) T
reaches a maximum height of 14 m after 4 seconds. "
Five seconds after reaching its maximum height, it
bounces off a cement block and follows the trajectory
of a quadratic function. If the maximum height of the
second bounce is 8 m and occurs three seconds after
bouncing off the cement block, when will the
projectile hit the ground? (Round your answer to the
nearest second).

BB em e o oo e o o =

y=-2|x-4]+ 14, P9, 4);y=~5(x- 127 + & 5

The projectife hits the ground at & = 16 s.

Time
{s)
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Conmder the functmn fdeﬁzmd by the rule flx) = +fx . ¥

a} What condition must be placed on x for +fx to exist in R?

x must be posifive or zero

b} Complete the following table of values.

=t 071 1 4% 9
vy 01 17 21 3

¢} Represent the function fin the Cartesian plane,

d} Determine

1. dom fe= R, 2. ranf= Ry
3. the zero of f. ¢ 4. the initial value of f.
5. the sign of f. f) = G over K. sep o

6. the variation of f. /" overR.

7. the extrema of f. minf=0

 BASIC SQUARE ROOT. ﬁmmm o

T he i’unc tmn f df ﬁ;wd by the rule:
flx) = Jx
is called the basic squire root function.

e We have!

domf= K . o manf e R

The zero of fis 0. The initial value is 0.
P Signoffifix)= 0, Vxe dOmf .
Variation off f1s increasing, Ve dom:f
The function {has a mingaum equal to.0, -+

of ﬂu i‘um t;(m

The pmm () () O) is thc vertex

Yy,
¥t
x

. Consider the basic square root function flx) = «x Y4

represented on the right.
Using the graph, find the values of x for which
a} flx) =3 x=9

b) foy =1 xell e
€) 0<flx)<2 xcl0 4]
d) f(x} < () None since the function is never strictly negative.

e} 1 <flx)<3 x99

100 Cheapter 3 Real functions
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The basic square root function f(x) = ~fx can be transformed
into a square root function defined by the rule

glx) = ayblx —h) + k

a} Consider the basic square root function f{x) = «fx and the
square root function glx) = a~fx .

Rep;‘esent in the same Cartesian plane, the functions

=24, g(x Jx— and gy{x) = ~+fx and explain how
to dccﬁuw the grapl} Gf g from the graph of f when

1. a>1: by a vertical stretch.

2. G <a<1: byavertical reduction.

3. a=-]: by a reflection about the x axis.

4. Complete: From the graph of f(x) = +x, we obtain the graph of g(x) = avx by the
transformation (x, y) — {x, av}

5. lIs the graph of g(x) = afx located in the 1st or 4th quadrant when
1} a > 07 _1stquadrant 2} a < {07 _4th guadrani

b} Consider the basic square root function fix) = Jx and the _
square root function g(X} — ofbx T L TR S

Represent, in the same Cartesian plane, the functions

g{x) = 2%, g{x) = }--x and g(x) = —x and explain how
to deduce the graph of g from the graph of f when

1. b>1: by a horizontal reduction.
2, O< b1  bya horizontal streteh.
3.0b=-1: by a reflection about the v axis.
4. Complete: From the graph of f(x) J_ we obtain the graph of g(x) = «bx by the
transformation (x, y) — BV
5. In which quadrant is the graph of g(x) = +vbx when
1} b > 07 _1st quadrant 2) b« 07 Znd quadrent

6. What can you say about the graph of the function v = 2+x and that of the function

v = +4x ? Justify your answer.
They are the same. In fact, -J —JZ J; e 21,;; {property of radicals).
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¢} Consider the basic square root function fix) = +/x and the
square oot function g(x) = +fx ~ k.

Represent, in the same Cartesian plane, the functions

g(x) = fx—2 and glx) = Jx -3 and explain how to

deduce the graph of g from the graph of f when
1. h >0 by e horizontal translotion to the right,

2. h < (0 byahorizontal translation o the left.

3. Complete: From the graph of f{x) = +x, we obtain the graph of g(x) = fx ~h by the

transformation (x, y) — (x + h, y}

d} Consider the basic square root function f(x) = «fx and the
square root function glx) = «x + k.

Represent, in the same Cartesian plane, the functions

g(x) = Ax +3 and &(x) = Jx 2 and cxpfam how to
deduce the graph of g from the graph of f when

1. k> 0 by a vertical translation upward,

2. k< 0O by a vertical transiation downward,

3. Compiete From the graph of fix) = f we obtain the

graph of g(x) = dx + £ by the transformation {(x,y) — (v +k

 SQUARE ROOT Hsr@m@m fx)=a fbixh

root fun(tzcm y = +fx by the trans{ormatmn

(x,y)w(%+h,ay—f—k)

Ex.» The basic sguare root function v = -J; - and the -
square root:function

(o — I')'_?i- 4 are represented onithe right;

Ihe graph 01‘ the function f{x) = a.gjb(x — hy 4 k is deduced from the. graph of the basic square

The rule of th( tmmfarmaﬁon applied to the graph of Li e,
basic square mot {unctmn 15 :

{26, v} — (2\, + 1 '—Zy + 4)

102 EChopter 2 Real functions
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@- The following functions have a rule of the form fix) = afbix — ) + k.
fix) = 3%’;,](2(35) = 2%, fi(x) = % + 4, fy(x) = Jx + 1 and fi(x) = 2430x - ) —4.

Complete the table on t}m right [ P FS Y mile
by determining, for each function, )~ 34 S I P P PRI
the parameters a, b, hand k and by i ks [x., 2
giving the rule of the transfor- flx) = J2x ifziojojxy—i% 9)
mation which ena;b]es you 10 £ ey — % + 4 slilaloley—tx-49)
obtain the function from the basic
o fx) = Ax + 1 tiilol1imw—ty+l)
unction g(x) = Jx.

_ folx) = ?_-‘;3(96 DAtz la 1 -alxy)— {% +1,2y~ 4)

g

“Be In cach of the following cases, we apply a transformation to the basic square root function
fx) = % . Find the rule of the function obtained by applying the given transformation.

ay (x,y) — (%, V) yedm B (xyy—x-5y+2) y=Ax+5 +2

Q) (x,y) [?—,_g y] I T A R  S—

o) (xy)— (2x 6y YTTHZE ) ey 2433y~ J y=34Hx-3 -5

k. Consider the functions flx) = ofx and glx) =2 ;!“;1_?(9‘3 S +30 YR :
a) Give the rule of the transformation which enables you to r

obtain the graph of g from the graph of f. \ DR
(eyp (2x -1 -2y + 3)

U . Qe T

) Draw the graph of g from the graph of f.

Consider the function flx) = 6 J~;l1(x - 1) — 3.
@) Identify the parameters a, b, h and k.

) “rite the rule of the function in the form
Jig) = - o= hy ke

f(x)mﬁ!—%{x-ﬂ -—3=6J—:‘;:J-—{x-1)-3=3 {x - 1) ~ 3

wY

€} “\hat are the coordinates of the vertex? T £ £ T/ S L3101

) Represent the function f in the Cartesian plane after completing the Iy 13 {ol-3
fullowing table of values,

) What is the zeroof £ .9 o ———
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-+ Finding the zero of a square root function

7 4l
=

a} Consider the function with the rule; v = -24/3(x + 1) + 6.
Justify the steps in finding the zero of this function.
- 3(95 + 1) +86=0 Replace y by 0.

3(x + 1)==3 Isolate the square root.

3(x + ]) = 0  Square each side of the equality.
{ 5

x 4+ 1 =3 Divide each side by 3.

x =7 Subiract 1 from each side.

b} Under what conditions does the zero of a function y = anfb(x — h) + k exist?
If a and k are opposite signs or if k = O.

5 study of a square root function
Consider the function f with rule y = "%m + 1. ng . .‘ |

a) Write the rule in the formy = a+/x — h + k.
y:ié e+ 3} + 1 ==+ 3 +1

p} Graph the function f.

€) Determine .
1. dom f= _ 3.+ 2. ranf= I, 1]

3. the zero of f (if it exists). 2 4. the initial value of f, -3 +1
5. the sign of f. f(x) = 0 over [-3, -2I; f(x) = 0 over [-2, +=[

6. the variation of f. _f 7 never; v over [-3, +xf

7. the extrema of f, _mexf=1
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STUDY. OF A SOUARE ROOT FUNCTION

Consider the square root f with the rule:

f) = afbx — b+ k

We have the following four cases:

o dom = [h, +oo] if b > 0; ran f= [k, +o| if a > 0;
dom f=T-¢, K it b < 0. ran f= J-o0, k] if a < 0.
‘e The zero of fexists if @ and kb are opposite signs orif £ = 0.
e To.study the signof f
-~ we firid the zero (il it exists): _
~ we establish the sign.of ffrom a sketch. of the graph.
e Variation |
If ab = 0, f is increasing over the domain.
If ab < 0, fis décreasing over the domain.
@ Pxirema .
It a >0, f has & minimtim. min f= k.
IFa < 0, fhas a maximum. max f = k,
E?_i'.: Consider the function fix] = -24x + 4 +3 (a=-2,b=1,h =4, k= 3).
# \r’cr‘tch(~4, 3) |

o domf = [, 4xf rnfs | 3
e Zéfro_zg-__;z-_ x e 5_4' +3 =G
. ._.:9:6%._43;3%_
e
© [nitial val.ii:fef."i‘,.f.:w—f”- L 5
® Sign of f: fix) i UOVer »-4, %lq; fix) = 0 over -mg.., —g--o’o{ .

e Variation of f:fis décreasing, ¥ x < dom f,
& max f=3 o

2.8 Square root function
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B. Write the rules of the square root functions in the form y = uafx

a) y=-24x+8+3 b} y=2+9% - 36 + 4

y=-ddx+2 +3 y=6x~4 +4
¢ y= 118 0x +1 d) y=-242—dx+7

y=-2 x-2) + 1 y=-2 «[xwééﬂ-?

. Represent the following square root functions in the Cartesian plane.
a) y=-24x+5+2 b} ym% 4x 48 — 3

'y

Y

<) yz-ZQf—Z(xm4)+3 d} v= -2x-—-4) -2

¥« Consider the function f{x) = 2+/x + 4 — 2.
a) Graph the function f.
b} Study the function f.

dom = -4, +=[  ran = [-2, +f

Zero: ~3; initial value: 2

f(x} = 0 over [-3, +=f; f(x} = 0 over [-4, -3]

2, vxe dom f

min f = -2

¢} Using the graph of f, solve the ;i_ﬁe:cé.ﬁéﬂity U
1. flx) 22 10, +=f 2. flx)=4

[‘4, 5]

W6 Chapter 3 Real functions
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a) y= 26 _3x +4

dom = Jeoc, 2]: ran = e, 4]

a) y=-3+46-4x +9

ZETO! ~§, fo.: —3Jg + 8

) v=2+4x-5+4

No zero, i.v.: does not exist

a) gof(4)=_1

= Determine the domain and range of the following functions.
by v=344dx+2-1

dom = !_% +oci; ran = [~1, +of

Determine the zero and initial value of the following functions.

by v=244x~1 -1

Zero: %, i-v.: does not exist

d} v=-2+3x+1

3 .,
ero: ~ =, f.u. -
= PO 2

)« Consider the absolute value function fix) = 2|6 — 2x| 4 § and the square root function

glx) =3 !f%(x + 4} — 5. Determine

b} fog(-2)= 12

Determine the interval over which each of these functions is positive.

a) flx) =34x+35-6

fix) = 0 over [T, +=[

¢ flx) = % 4—x +5
flx} = 0 cver J-=, 4]

T 2. Solve the following inequalities.

a) 24x+3+2=0

8w -3, -2]

€) 542 -x >4
= e, 34

$= %

b} fix) = -2+06 + 4x + 4

fix} = 0 over

d) flx) = -3+-2x+8 1

Flx) is never positive

by «/3x+4 <-1

S=0

d) 3x+8>0

5 =]-16, +oof

T 3. Determine the interval over which each of these functions is increasing,

a) f(x) = 3,‘/m2(x -1 +5

f is never increasing

@ Cuérin, éditeur ltée

b} flx) = —24-3(x + 4)
F 7 over J-w, -4}
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. Study each of the following functions and complete the following table.

Fixd = Bx-2-1  Fla e -2 0 €x L E4E Fid = Jt-x 8 | fto e -2dx 48
PDomain [2, +=f -, 4eaf Jree, 2] ez, O]
Range =1, +=[ J, 6] [1, +of o, 4]
Zero %2 14 does not exist -4
Initial value does not exist “21!5 + 6 ﬁ + 1 4

Sign fix}) = G over m‘%?;, +%’ fix = O over [-4, 14] flx} = 0 over J-=, 2] fix} = 0 over [-4, 0
flx) < 0 over |2, —lgﬂ Fix) < O over J14, +=f Jix} < 0 never fix} = G over J-=, ~4f
Variation f 7 over [2, +of F 7 never f 7 never f » over }-=, O}
> never F v over fd, +nf v over J-=, 2] J ¥ never
Extrema min =~} max = & mein = 1 max = 4

Any juare root function can be written in the form f(x)

AR’ Fmﬁmg the rife @f a squiare r@&€ %unttmn

= a+fx — h + k or f{x)

?ﬁ Comlder the functions f(x) = 3+4/2x + 4 — 5 and g(x) = S+—4x + 8 — 1.

d

ertc the rule of each function in the formy = a+x — h + k ory =a.

e Ftx) = SJZ(x +2) -5 f 1!_ Jx v 2 - .ﬂmd ax) = 54-d(x - 2

_(fo

:am+k.

corresponds to the graph of this function?

Yo agdi(x-h) 4k

S, Whu,h of the two rules v = a«Jx ~h+kory= ﬂv‘"“(x ~h) -+ k

f

2. Identify hand k. h=-2, k = -1

"

0l 1.

vz |

3. Determine a knowing that the coordinates of the point P(2, 3}
verify the rule of the function,
Y= adx+2 -1
3=ad2+2-
4 =2a
a=2

v=24x+2-1

4. What is the rule of the function?
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e:} gomldcj the square root function whose graph has a vertex at  p2,57y
2, -1} and passes through the point P( 2,5). e

Which of the tworulesy = a+fx ~ b + kory = a«~(x — h) + k

Loncqponds to the graph of this function?
y=ad-{x—~h +k

2. ldentifty hand k. h =2,k = ~1 >
3. Determine a knowing that the coordinates of the point P(-2, 5)
verity the rule of the function.
yma.ﬁf—{x«—z -—1;5=a.4-(—-2-2 ~I;6=2a;a=3
4. What is the rule of the function? _¥ = 3+~(x~2) - 1
\SIQ What is the domain of a square root function if its rule is of the form
) = addx — b+ k. _dom £ = (b, 4] 2. flx) = aof~(x — h) + k . dom f ==, hj
| o, ?ﬁﬁmi\lﬁ ?HE Rﬁjiﬁ @F ﬁ S@EﬁﬂRE ﬁ@ﬁ? ?&EN@H@N
Any s:quaru root fung.tmn ca__nfbc; written, depending on its domam, in the fgr-m:-__ .
flx)=adx —h +F or : flx) = aﬁ/—(x ~h)+k
The vertex V and a point P a}(' g,ix en.
1: Determine the forim of the ruli = a"&lﬁf R S awﬁf—(x —h)+ k.
2. Identify parameters h and k.
3. Determine a after replacing, in the rule; x and y by the coordinates of the point P,
4. Deduce the rtile,
I-#X(: a) » . \J jx . ERREE %)
1. y=ayx = .-¥~iiﬁ
2 == a-\/x + + }
3 2= aJZ-J“ 2R
I=Za
1
a5 | -
4. rule; y oo %J x +2m 1 -
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5. Find the rule of each of the square root functions given its vertex V and a point P on its graph.

a) V(5 3)and P(9,3.5) b} V{(-2,~1) and P(-6, -4)
yﬁ%-gx-—S—%S yWM% i+ 2}~ 1

cj V(-2,4)and P{23, 2)
¥ =_‘_§ x+2 +4

ANCTIVITY 7 Inverse of a square root function

Consider the function f{x) = 24/x + 3 ~ 1.

a} In the same Cartesian plane,

1. graph the function f. ‘ I “ A AN

2. deduce the graph of 1. -, //i ld
b} Complete: The graphs of the function f and its inverse {*! are

symmetrical about the }7’ = ¥, bisector of the I1st quadrant J

¢} Isthe inverse f~! a function? Justify your answer. oy, )y

Yes, because any vertical line only intersects the graph of F* in af most one point.

d) 1. Determine
1) domf 3.+ 2yranf [L 4% 3ydom (' _ L+ 4) ranft 3+l
2. Verify that
1) dom f~! = ran f_ True 2) ranf~' = dom f__True
e} Justify the steps in finding the rule of the inverse function f'.

1. Isolate x in the equation y = 24fx + 3 — 1.

y+1=24%+3 Add I to each side.
1 f
'i,‘(y + 1) = +x + 3 Divide each side by 2.
1 2
Z(y ) =x+3 Square both sides,

:}(j}%l)2 ~3=x

Subtract 3 from each side.

2. Interchange the letters x and v to obtain the rule of the inverse.
You get: y = i— (x +17 -3 .

3. What restriction must be set on the variable x? Justify your answer.
x = =1 since dom f! =ran f = [-1, +of

The inverse of the square rooi function y = 24x + 3 ~ 1 is therefore the function
“tar 3=y O

The graphic represeniation of the inverse corvesponds to a semi-parabola.
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INVERSE OF & SQUARE ROOT FUNCTION

The inverse of a square root function is a function whose graph is a semi-parabola.

flx)= 24fx + 2 — 1 has the inverse:

=g+ =2 (==

Note that dom f~! = ran f = [~1, +o9].

The graphs of fand f are symmetrical about the bisector of the Ist
qu 1drar1t

==

2 3

(8. Determine the rule of the inverse of the following functions and indicate the domain of the
P DIVETSE,

a) y=24x—147 -:-31/x+ 4 1

y =L~ 7)2+ 1; dom = [7, +=[ v =L+ )7 - 45 dom < e, -1
) y=Ayf-(x+3) -2 d) y=-24-(x—53 +4
=~———(x+2)3 3 ; dom =[-2, +=f v =““§“(x-4)2 +5 ; dom = J-=, 4]

T7. Atawater park, Raphael is getting ready to go down a  Height 4 : -
e, |
The function frepresented on the right gives Raphael's I o
height /& {in m) as a function of elapsed time ¢ (in s)
since his departure.
At what instant will he be at a height of 4 m?
h{t} = wZJ; + 12; after 16 seconds.

126

8. The lateral view of a solarium is represented by the graph on the
right where the glass ceiling follows the curve of a square root
function. A light is located at the centre of the room as indicated
in the figure. Determine at what height the base of the light is
located. (Round your answer to thc nearest tenth.)

VO, 4); v = adx + 4 ; P(9, 8); 3 x + 4.

When x = 4.5, the height isy = 6.8 m.
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12. A company'slogo is drawn using the graphs of two square root
functions as illustrated in the figure on the right. The com-
pany’s name is limited by two line segments.

a} Whatis the length of the upper segment? o
Rule: y = 211.‘ When vy =3, x = 2.25 cm. The length of the upper segmenti is 4 5 cm.,

b} What is the length of the lower segment? 2 cm

The ﬂzght of a bird is observed from its takeoff at £ = 0 from

a( 150 m high tower until it reaches the ground at ¢ = 625 (|
seaonds free
The bird’s flight is described by two square root functions
represented in the figure on the right.

1st stage of the flight

The st stage of its ﬂzght lasts 400 s and is described by the

rule” y - MB«JM. o4 12(}) where t represents the time, in

seconds, and v the’ helght of the bird, in metres.

At the instant t = 400 s, the bird begins the second stage of 9

its flight.

At what height will the bird be 500 s after the beginning of its flight?
y= -4t - 400 + 60. It will be at a height of 20 m.
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sreatest integer function

Aerirry 1

a) The greatest integer of a real number x is represented by [x],

1. What is the definition of the greatest integer of a real number x?

The greatest integer of a real number x is equal to the greatest integer less than or equal to x.

2. Calculate
1} [3.76] _3 2y [—-1.25] -2

3. In what interval is x located if
N [xl=2 xe [2, 3 2) [x]=-2 *¢ =2, -1f

b} 1. Graph the basic greatest integer function f(x) = [x] in the Uk ee

Cartesian plane on the right. S O

2. Determine .=.1_-I g____j_o _
1) domf _R Z) ran | z o =~

1 .

The function flx) = MB[%(X + 4)! + ¢ is represented on the right.
a} ldentify the parameters a, b, h and k.
a=-3,b=3,h=-4k=6

by Verify that .

_ ‘I -
1. each step has a length of = b] =2 Lo -
" 12 o7 g 7 x
" . . - -2 = SRR SR S TR R
2. The height of the counterstep is |a].__ {21 =131 =3 "t Height of
. o O
¢} Determine Gy oo
t.domf R __ 2.ranf fyly=-3m+6 me7| -
3. the zeros of f. {0, 2f 4. the initial value of f. 0
5. the sign of f. fGe) = 0 over J-=, 2[; f(x) = 0 over [2, +=[
6. the variation of f. f ¥ over R
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 GREATEST INTEGER FUNCTION -

We consider the greatest integer function flx) = a[b{x — h)| + k.

o The Cartesian graph is a step function.

¢  Fach step has a length of T;—,
— It b > 0, the steps are closed on the left and open on the right (s—o).
— If b < 0, the steps are open on the left and closed on the right (o).

»  The height of the counterstep is lal.

e domf=R ranf= {yly=am -+ kme 7}

¢ -~ If ab > 0, the function is increasing.
~ If'ab < 0, the function is decreasing.

¢ The tunction f has zeros if and only if k is a multiple of a.

¢ The signs of a and b help us distinguish 4 cases:
a<Oandb >0

a>Qund b >0

B

a5 0andb <0

Qi
s ]
Ot

G}
G
k- o ¢

a<Oand b <

M :

Exs Given fhe Function f(x) = 3[_ % (x E)J s T y y e

We haver g = 3; b= :;w; h=1andk = 2.

— Thelength of a step is “%f = 2.

-
w¥

— The height of a counterstep is la| = 3.
—~ dom f=R
.-f.ranf*{vEym3m+2 m e 7} _
= zeros ol f1 fhas fe zeros, since kis not a multiple of a. -+ il S0
~ initial valm of f- 2.

fx) e 0ilx = 1 fla) < Oif > 1

- fis decreasing over R since ab < 0.

- f has no extrema.

¥. Determine the domain and range of the following functions.
f
a}ymﬂgxmamz b) v—-2{4(x+ 1)] + 4

dom=R:ran=fv|y=4m -2, mc 7} dom = R; ran ={y|ly =-2m + 4, m c 7}

2. Determine the zeros of the following functions.

a)y:45x+wm6 b) v=-3[20x—4)] - 12

f1I, 15 ) [2, 2.5
¢} y=4[2x] + 2 d} y=-5[x— §
No zero B 18, 9
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7 1

%. Determine the initial value of the function flx) = -3 %(x - 9)’ +10 18

fl. Determine over what interval the function f(x) = ?%(x - i)i + 6 is positive, __ 7+l
1

Determine over what interval the function f{x} = 5[x — 3] + 1 is strictly negative. __F== 3
Determine over what interval the function f{x) = 31%(95 - 7)‘ + 6 is increasing. 7 overR
# . Consider the functions f{x) = 2\21[(:5 - 1)} 4+ 2 and g{x) = —3+/x + 5+ 4.
Determine gof(7) =__ -5
Determine the rule of the greatest integer function represented ) YA
on the right. R
We choose (h, &k} = {2, 1) e N S .
o 2 S :
o8 implies that b < 0, b = 3 - i . _
impli iy T %
fyimplies thata> 0, a = 2 e e e e
Bule: y = 2|-~§~(x-- 2}! +

8. A salesman in a store receives a weekly base salary of $300 plus a commission of $40 for every
16 items he sells during that week.
a} Find the rule of the function which gives the salesman’s salary v as a function of the
. - 40/% | + 300
number of items sold x. _ ¥ = #%3g] * 29

B} What is this salesman's salary if he sold 84 items this week? $620

¢} In what interval is the number of items sold if the salesman’s salary is $5007?
In the interval [50, 60f

d} Can this salesman earn a salary of $4507 Justify your answer.

No, the equation 40{{5] + 300 = 450 has no solution since ﬁ% # 3.75.

T8, The cost of parking in a lot is $8 for a duration of less than  v4
30 min. Afterward, the cost increases by $4 for every 30 :
minutes or part thereof The maximum cost is $20 per day.

®

a) What is the rule of the function which gives the cost vy
(in §) as a function of the parking duration x (in hours).

v=4[2x]+ 8

b5} Represent this situation in the Cartesian plane on the
right,

¢} What is the cost for a parking duration of 1 h 40 min? $20

Laer
w Y

d} In what interval is the parking duration if the cost is $12?

I
In the interval ém, 13[
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.

A functlon f is d&fmed by thrLL dlfferent ruies d& pcndmg on

the interval over which x is located.

— Over the interval |-os, —1], the function fis defined by the
rule f(x) = 2x -+ 3.

— Over the interval |1, 1], the function fis defined by the rule

fx) = ~(x+ 1)2 + 1, % E
f ~ Over the interval 11, +«], the function f is defined by the rule
/ flx) = -
a} Represent, in the Cartesian plane on the right, the function f.
b} Determine
T f=2)= -1 2. fl0) = m0m< 3. f8) = _=3
¢} Find
1. domf= K 2. ranf= J=, 1)
d} Find -
1. the zeroof f0__ ) — 2. the initial value of f. 0
el Determine over:;]:;t inte;val ‘ifhc function is positive. 3“%’ 0
f} Determine over what interval the function is
& stridtly increasing, Jos, =11 2. strictly decreasing. -1, 1]
3. constant. { } %{
gl Does the function f have any extrema? If yes, what? Yes, @ maximum; max f = 1

2B mployee’s salary

Thﬁ weekly salary f(x) of an employee in an electronic games store A"
is calculated, according to the number x of games sold, using the

S

following rule: 0.
200 ifx<2 T
fx)=150x +200 #2<=x <6 +{

600 ifx=06

J o W

a) What is the salary of an employee who sells oy T }3‘
1. Z2games? _300% 2. 4games? 4008 3. 12 games? 600§

b} Determine the number of games sold by an employee whase salary is
1. $200. 6 or ! game sold 2. $450. 5 games 3, $600. 6 games or more
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. PIECEWISE FUNCTIONS "

A piecewise funciion is a function whose rule differs depending on the interval over which the
variable x is located.
Ex.: Consider the following function. et
x — 1 xfxi':O . e
Flx) = {x? fO0<x<?2
—x + 2 if x=2
The graph of this function is represented in the Cartesian
piane on the right.
domn f= R, ran f = ], 4]
When we evaluate this function for a given value of the
variable x, we find in which interval this value belongs to and
we use the rule of the function defined over this interval.
Thus, f(1.5) = (1.5)2 = 2.25; f(3) =~(3) + 2 = -1,

U . Graph the following functions.

a) ; 1 i£x<“2 b} ) ~Ax+ 17 +2 f-2<sxs1 c} —.'22 ifx=s-1
) ()= i=2x -1 if -1=x<l Lx)=11_ 2 " Flx)=1x flhsx=<2
VA ‘ 2x -5 if x23 S s fl<x=<4 o l-2x+4 ifx>2

._W___c,.,\ )

@. TFor each of the piccewise functions given in number 1, find

a} the domain and range.
dom f; =}, ~2[ U [-1, I[ U [3, +=[; ran f; = ]-3, +of

dom f, = [-2, 4]; ran f, = {2, 2]
dom f; =}, -1} U [0, +[; ran f; = j-=, 2]

\/ b} the image of 2.
f1{2): does not exist; f,(Z): %; f4l2): 2

¢} the initial value.
y] =-—1;y2 =1;y3w-m2
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Z%. Graph the following functions and determine their domain.

a) x—-1 ifx=2 by 2x +1 if x <=1
flx) = flx) = 1-2 it -l<x <]
3 if x =2 :

G2 Hx=d

. : N MW . 0 “x
dom f =R dom f=BV-1 /
The Kandev company sells wheelchairs to residences for the Ay .
elderly. The function f which gives the annual net profity (in i Profit o '
. in thousands :
thousands of dollars) as a function of the number x of of ) S e
wheelchairs sold is given by the rule:
0.15x 0 < x = 1000
flx) = 10.08x +70 1000 < x < 3000
0.12x 3000 = x = 4000
a} If the maximum number of wheelchairs sold per year is
4000, draw the graph of this function. 51t /
b) Find domf __ [0, 4000] i
s Number of

¢} Whatis the profit made from selling 2500 wheelchairs?
$270

wheelchairs sold

d} Over what interval is the rate of change the greatest? ___{0, 1006]
, : ) i Profithy @
B. The piecewise function f represented on the right g |-
gives a company’s accumulated profit f(x) as a
tunction of the number x of elapsed months.

a} What is the company’s accumulated profit
after
1. 2 months? $3000 2. 4 months? _$4000

3. 6 months?$5000 4, 11 months? $7600

i 000 A e e e e e e
b} Determine the number of elapsed months if , : X
the company’s accumulated profitis . 0 : ; s Number
1. $3000. _2 months of months

2. $6500. 9 months

¢} Determine the rule of the function f.

500x + 2000 fO<x=4
foed = 5000 ifd<x<8

-1500x + 20 000 f8=xx= 10

| 7060 ifi0<x=12

d} Over what interval is the function f

1. strictly increasing? 16, 4]
2. strictly decreasing? (8, 10]
3. constant? J4,8 or ]10,12]
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ational function

Consider the function f defined by the rule: f{x)

a} What restriction must be imposed on the variable x?

x must be a non-zero real number

]

b} Complete the following table.

i 1 1 ]
— .y — — . - 1 7
x 4 L 2 4 4 2 4
(T ..'E - _:! i ;E
Sch-2i-20 1] -2 -4 adzi1 241

¢} Indicate what number the variable v approaches as

1. the variable x takes positive values that are bigger and bigger.
2. the variable x takes negative values that are smaller and smaller.

d} Indicate the behaviour of the variable v as
1. the variable x takes positive values closer and closer to zero.

The variable y takes bigger and bigger positive values.

2. the variable x takes negative values closer and closer to zero.
The variable v takes smaller and smaller negative values.

&} Graph the function in the Cartesian plane above.
f} Observe the branch of the hyperbola located in the 15t quadrant.

1. When x takes positive values that are bigger and bigger, the branch gets closer and closer to
the x-axis without ever touching it. We say that the x-axis is a horizontal asymptote to the

curve. What is the equation of this asymptote? )
2. When x takes positive values closer and closer to zero, the branch gets closer and closer to

the y-axis without ever touching it. We say that the y-axis is a vertical asymprtote to the curve.

What is the equation of this asymptote? .

g} Observe the branch of the hyperbola located in the 3™ quadrant.

x=0

1. Do we observe a horizontal asymptote? If yes, what is its equation?
Yes; y =0

2. Do we observe a vertical asymptote? If yes, what is its equation?

Yes: x =0

The represented curve is called a hyperbola. This hyperbola consists of two branches. Place a random
point M{x, y} on a branch and verify that the point M'{~x, -y} is located on the other branch. The
origin O, mid-point of the segment MM, is therefore called the symmetric centre of the hyperbola.
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h} Determine

1. domf= R 2.ranf= R

3. the zero of f. __does not exist 4. the initial value of 1. does not exist
5. the sign {){-‘f Jfix) = 0 over BY; flx} < 0 over R,

6. the variation fo [ over R f is never increasing.

7. the extrema of f (il it exists). does not exist

" BRSIC RATIONAL FUNCTION

Consider the rational function defined by the rule:
1
)= L

This function is called the basic rational function.
We have:

~ dom f = R* ran f = R*.

~ fhas no zeros.

fis decreasing over R*.

}

The origin 0 is the symmetiical centre of the hyperbola.

The hyperbola has two asvmptotes: the x-axis and the y-axis.

The represented curve is called a hyperbola. This hyperbola consists of two branches.

Asymptote: A
|
1

RNt ‘? -
| \\ 1 Asymplote
s'i y U B

~ ) . . . 1 . . . .
The basic rational function f{x) = — can be transformed into a rational function with the rule

a)

120

glx) = b(xa— W + k | {standard form)

Consider the basic rational function f(x) = ;1; and the rational function
a
gl =

x

- . . 2
Represent, in the same Cartesian plane, the functions g (x) = =,
2{x) = —[2:—5 and g;(x) = % and explain how to deduce the graph of g
from the graph of f when
1. a>1: by a vertical stretch,

2. O<a<1: by a vertical reduction.

304 =-]: by a reflection about the x-axis.

1

4. Complete: From the graph of f{x) = £, we obtain the graph g(x) = "z"
x

by the transformation (x, y) — {x, ay)

Choapter 2 Real functions
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. . . . 1 , .
b} Consider the basic rational function f(x) = - and the rational function

gl = -

Represent, in the same Cartesian plane, the functions g (x} =

1
2x’
&ix) = E}—Ié; and g,(x) = il;; and explain how to deduce the graph of g

from the graph of f when

1. b>1: by @ horizontal reduction.
2. D«b <1 byahorizontal stretch.
3. 0b=-1: by a reflection about the y-axis.
; 1 R ] .
4. Complete: From the graph of f{x) = ~ we obtain the graph g(x) = bL by the transformation
2y
(x, v} —
5. Compare the graphs of fand gin each of the following cases and justify your answer.
r _ I _2
' 2 1 They are the same. In fact, G.5x 1z x-
fix) = = and g(x) = T 12
05 .21
f(?() 05 and g(x} _ 3}__": They are the same. In fact, g Pl
2x
-i 1
They are the same. In fact, =
flx) == and g(x) = f—;: o

The reflection about the x-axiz and the reflection about the y-oxis have the same effect on

the basic rational function.

. . I .
¢} Consider the basic rational function f{(x) = 7 and the rational

function g{x) = ;‘"tl_““g

Represent, in the same Cartesian plane, the functions

1 . i
6 = 75, 500 = L
graph of g from the graph of f when

5 and explain how to deduce the

1. h > (0 by a horizontal translation to the right,

2. h < 0 by a horizontal translation to the left,

3. What is the equation of the vertical asymptote of the function g(x) = " ! h Poxmh

4. Complete: From the graph of f{x) = —, we obtain the graph g(x) = ;{M by the

R

transformation (x,y) — _{(x + b, v}
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d} Consider the basu rational function f{x) = ":;" and the rational
function g(x) = — -+ k

Reprwem‘ in the same Cartesian plane, the functions g, (x) =1 i 1,

&ix) = ;; — 3 and explain how to deduce the graph of ¢ from the
graph of f when
1. k> 0: by a vertical translation upward.

2. k< 0 by e vertical translation downward.

3. What is the equation of the horizontal asymptote of the
function g(x) = i— +k? _vek

4. Complete: From the graph of f{x) = é, we obtain the graph g(x) = L+ & by the
x

transformation (x, y) — oy + ¥

mmmf FUNCTION - STANDARD F FORM

“The gl aph of the iunc,tlon

flx) = +k

bix — k)

is deduced from the graph of the basic rational function y = L by the transforination
x

(%, ) = |2+ b, ay + &

» This hyperbola has two asymptotes, the vertical asymiptote with equation x = J and the
harizontal asymptote with equation y = k.

s 'The point (h; Fyis t?lf symmem(dl centre of the hyperbola.
Ex. lo graph thc hyp{ rbola Yo —((;-——> & 2,

1. we draw the asy mptoteﬁ,
““““ vertical asymptote: x =
- horizontal asymptote: y'_m. 2,

2. we complete a t'ab]f_é ofvatues. |
- x b2 1] o 1] 21 3] 4
v | 151125 05 | 35275 25

~

3. we draw the hyperbola using: the' symmetrical centre (h, k)
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T . Graph the following rational functions.

a) flx) = 2. b} fix) = 2.

A flx) = —
B
f
ERN
H
-
r I
| “x : } -
! >
!

e} fix)=—2-+1 ) fix) = =20 4.2

(x) =t } fx) = —; +

~2{x + 1}

- e s s .._.é.._,,..I.__x__.__.__ S

e |

Consider the function f defined by the rule y + 1.

2 — 2)
a) Graph the function in the Cartesian plane on the right.

SOV g T NSNS L

b) Determine
1. dom f= _RM2Z] 2. ranf= RAf1) | -
3. the zero of f (if it exists). 0.5 4, the initial value of f __0.26

fix} = O over |—ux, %’ U J2, +=f; fix} = 0 over %, 2!

5. the sign of f.
6. the variation of f, _f > over R\MZJ; f 7 never

7. the extrema of f. does not exist
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a)

b)

Consider the function defined by the rule: y = mm(x“ =+ D

Justify the steps which enable yvou to find the zero of this function.

4( _ 2 +5=0 Replace y by zero.

=3
4x - 2) =5 Subtract 5 from each side.

—20{x — 2)=-3 The cross producis are equal.

Xx—2= 20 Divide each side by -20.

43
x = 5o Add Z 1o each side.

Under what condition does the zero of a rational function defined by the rule y =

exist? Iifk+ 0

@
m{)@f}'{j‘ + k2

:.‘:,021%31161' the rational fun( tion f defm ed by th(: rule:

flx) = W = h)‘+ k | (standard form)
e domf= R\{A}; ran f = R\{k}
» The zero of f exists if k #: 0, and the initial value of f exists il b # 0.
¢ To study the sign of f,
— we find the zero (if it e ‘x:mts),
~ we establish the:sign of f tising a sketeh of the graph
& Z-\azmmm _ o
= ab > 0 f is dec reasing over the domain.
- 'If ab < 0, f is increasing over the domaiti.
& The rational function has no extrema. .
2. Determine the domain and range of the following functions
-2
) ye s ) Vo 1)”§~
dom = R\[-5}; ran = R\[{-7} dom = R\{1}: ran = R\{4}
%. Determine the zero'and initial value of the following functions,
.
a} v= S+4 b} vy ST 9] Y= %10
Lero %Z— iv. :%7— Zero: none; Lo.: -»gr Zero: —;—; Lu.: none
: . . . et , .. [—00, 1[ U F»?;, +®{
£. Determine the interval over which the function flx) = =T + 3 is positive. i5
x_
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{ _I[
" ] : - : - e T “25 Y
Determine the interval over which the function' fx) — ——3— 1 is strietly positive.: |2

2(x -+ 2)

Study the variation of the function f(x) = S(X“i 0 + 4. _f 7 over R\M1]

6
S(x — 1)

7. Consider the functions f{x) = =2|-x + 4| + 5, g(x) = 3+4x ~ 3 + 2, h(x) = +§5_2, and

i(x) = 350 - 2)] + 1. Determine fogehoi (1) = 3

Given f(x} = 2(x3— 5t I and g{x) = 3x — 1. Determine, in standard form, the rule of the
i

) E=3 —_ = 3 =
Foglx) = f{3x - 2} FTETPY] + Zin =5 + 1.

function fog.

| function

oo Fméméﬁie ruie of a rationa

Any rule of a rational function can be written in the form y = —2 -+ k.
X -1

a) Consider the function y = —=3 ] -+ 1. Write the rule of this function in the form

6{x ~ 2
~0.5 ,,
= 4 2

y 3 s
P a . x-2 ! v B
Y x—h +k oo
|
B} Consider a rational function whose graph passes through !
the point P(1, -2). R ¥
. . P L § -
1. Identify hand k. B =-2 k=~I L] x
. o o < e o e o vt o+
2. Determine a knowing that the coordinates of the point - : /"‘ N
P{1, -2} verify the rule of the function. LA M=2
We have: y=735 - 1;-2 = yop - 1;-1 = Sia=-3 | / S

-3
- -1
3. What is the rule of the function? Y™ x+2

Any rule of d rational function can be written in the form

B 2 yk
y= x—h +k
The asymptotes an&:'a'p;ﬁiht} are l{:n(:)wﬁ. o ! _
1, Identify the paﬁéfﬁ@t_@rﬁ h Ea_iza:d k. 1. h=1and ;}3 1 . \ﬂ\ 1ooxy
i | U R
o yegog ] ]
2. Find a after roplei;cii_ng, ipthe rule;x _z_a_nd v by 2.3 = 7)_?‘_7 £
the coordinates of the given point P B
¢ = 2
3. Deduce the rule. : 3y == ——2——1 + 1
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« Find the rule of the following rational functions.

- .A.._,ml.....w...‘m e e e
i e T
R
o P
g)mxj_}z-l y=x'4;22_!1
ACTIVITY & Inverse of a rational function — Standard form
a) Consider the rational function f defined by the rule: y = T *i 5
x

Justify the steps which enable you to determine the rule of the inverse function f-1.

1. Isolate x in the equation y = =5 — 5
€<l Y x4+ 1)
iy .
5 s Add 5 to each side.
v 3x + 1)
3{x+ 1) = =2 Switch the extremes.
‘ ¥45
1 —2 Divide each side by 3.
e T R v
R
- -2 Subtract 1 from each side.
3y +5)
2. Interchange the letters x and v to obtain the rule of the inverse. We get:
g v P
v
=2 ]
T
b} Complete: The inverse of a rational function is a rational function.
¢} 1. Determine
1) dom f = __BM-1} 2) ranf = KA-5)
3} dom f1 = BM-5/ 4y ran frt = RN-1f

2. Verify that dom f~! = ran fand that ran f~! = dom f.
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* INVERSE OF A RATIONAL FUNCTION

The inverse of a rational function is a rational function.

Ex.: Given the rational function defined by the rule y = 3 "i o
. x ’
The inverse f~ is a rational function defined by the rule y = 3 ”"i 5 I
x

(See activity 6 for finding the rule of {1
Note that dom f = ran f~! = R\{1} and that ran f = dom f~! = R\{5}

Determine the inverse ofsthe following rational functions.

-1
et e B v= +4
a} y = 3 1 Ty b) Y == 1

Z(xl 4)

x 45

4. A train travels a distance of 240 km. We

consider the function f which gives the vl | 40 o0 80 120

160

duration t (in h) of the trip as a function of the | ¢ 6 4 3 2

train’s speed v (in ken/h),

a} Complete the table of values on the right. | Duration At .
b} Is the rate of change of the function f constant? ____ No_ )

¢} Verify that the product of the variables vt is constant, 2t =240 L
We say that the duration of the trip is inversely proportional e
to the speed or that the speed is inversely proportional to -

the duration. i
;- 240

d} What is the rule of the function? v [

e} Graph the function fin the Cartesian plane. K

f) Determine
]. domf }0, +OC{ Z ranf_ ]O, +C>O[

g) When one variable increases, does the other variable increase or decrease? __ft decreases.

h} s the function fincreasing or decreasing? Justify your answer.
Becreasing, since the duration decreases as the speed increases.

T 2. Renovations to a home require a total of 40 h of work for one employee. Consider the function
f which gives the duration y (in h) of work per employee as a function of the number of

employees x hired to do the renovations.
a} Complete the following table of values. Duration 4 ¥ \

; .
x ¢ 1 8284 F5%F8110
v (40§20010] 8 | 5

=40
b} What is the rule of function f? T e

R R .
x
¢} Graph the function fin the Cartesian plane. : : .
] ;
. . . . . ok i Number of
d} Is the function f increasing or decreasing? __ Decreasing employees
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3

Conmdcr the rational functzoﬁ defnc(i by the rulg Y= s +4 (‘;tandard form)

aj

b} 1

128

2x
Justify the steps which enable you to write the rule of this function in the form y = f‘fmt,g
ox -+
y = 3 b= 3 + 8x—5)  Finding a common denominator
2(x —5) Ax =5y 2Ax-5)
o . 0 [ [+ 00

34 8{x—5) Addition of the Z fractions; P P

O 2(x--5)

— 8x —37 Simplification

2x —10
The form y = & b s called the general form of a rational function.
. Identify the parameters & and k of the standard form. h=5:k=4

2. Identify the parameters a, b, ¢ and d of the general form. a=8b=-37,c=2 d=-10

wh o= .
3. Verify that the vertical asymptote has the equation x = -4, ¥ =h=2andx =

€.
: P =k=4ondy=" =4

4. Verify that the horizontal asymptote has the equation v :"fcf vERkErandy = T
Consider the rational function y = Z {”3 (general form).
To obtain thc standard form from the general form y-—%@ where A(x) = 5x - 3 and
B(x) = 2x + 4, we proceed in the following manner:
1° Determine the quotient Q(x) and the remainder R(x) Alx) | B(x)

from Euclidean division (i.e. long division) Rix) | Q(x)

of A(x) by B(x).
2° From the Euclidean relation A(x) = B{x) - Q(x) + R{x}, we deduce the standard form of the
rule.

Alx) _ Rix)
5 — 2 o
1. Perform the Euclidean division of A{x) = 5x ~ 3 by B{x) = 2x + 4 and determine the

quotient Q{x) and the remainder R{x).
5x -3 [2x+ 4

5 "5x+10[5
Qx) = 2: Rix) = -13 132
S5x-3 y=2+51
2. Deduce the standard form of the rule of the function y = 2’:4. 2 2x+2)
X
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RATIONAL FUNCT %@Eﬁ @ﬁ?@%ﬁ@i ?@m

° Th( genam% form OF a rational function is:

flo)=

@.‘

cx+d

¢ dom f= R\[w——] ran f = g&\{ }

 Vertical asymptote: x = -4

; horizontal asymptote: y = —?—.
¢

Ex.: Given the rational function f{x)= 2243
X

2 . SR

 domf R\{1};ron = R\(2}. SRR DU

~ Vertical asymptote: x = 1;
horizontal asymptote: v = 2.

— Zero of f: flx) = 0 & 2x %—3:0@-36:”%- i e .

- Signoff:flx) 2 0= x ¢ Jmm, W%IU@L o] 0

fix) = 0e xe L% 1{.

~ Variation of f: fis decreasifig over R \I1L
— fhas no extrema.

N /i/ |
SIS U NN I O
<V

T3. Determine the domain and range of the following rational functions.

32 b 2x 44 Sx + 4
- < Ll
x5 ) y=5—¢ Y y=55

dom = R\(5], ran f=R\[3]  dom =®\(Z], ran f = R \{ug} dom _R\[ L ran f =3 \{g}

a) ym

4. Determine the zero (if it exists) and the initial value (if it exists) of the following functions.

3x -2 ~Sx 410 -2x — 6
a == b == C e
J oy .4 P }oy= o5 ) 4x v/
Zero: %, 4%5{ "ﬂg@»’) Zero: 2, fu: -2 .,,/ Zero: ~3, i.v: does not exist

T%. Determine over which interval the following functions are positive.

doc -2 w2 b 8
a —_ T b =
Vy="73 i ) y=
fix) = 0 over |-, :é{J U |8, +af fix) = 0 over lé, 4!

16, Study the variation of the following functions.

~4x +9 2x 45
& — b e
) Y % -3 ) Y. 3x -2
f 7 over B\{3] fuoverR\ {%}
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7. Write the rule of the following rational functions in general form.

3 y= Bx ~ 5 2 y= ~Sx+ 13
= 4 7 k-2 e B TS T
al v S x b) v o P
» Write the rule of the following rational functions in standard form.
3x+2 4x 43 2x+5
a — b o= [ ]
;Y x -3 ] Y= 2%—6 by 3x+4
11 .15 pow—td 2
ve=s-3*3 il TR 9{x+4) 3

T®. Consider the rational functions f(x) = 2* +43 and g(x) = X123
X -

x+3“'

a} Determine the rule of the composite
_ lix-11 _9x+19

gof(x) = 07 5x=3 2 feplx) = YT T

b} What can you say about the composition of a rational function with a rational function?
Fhe composition of a rational function with o rational function is also o rationa! function.

20. Consider the rational function y = 3 +34 (general form).
-

Justify the steps which enable you to determine the rule of the inverse f~'.
S5x+ 4

x—3

y(x - 3) = 5x + 4 Cross products are equal.

1. Isolate x in the equation y =

_ 33/' = 54 4 4 Disgributive property of multiplication over subtraction,
Subiract 5x and add 3y to each side.

xy — Sx = 3y + 4
x(y — 5) = 3y + 4 _Facior out x on the left side.

x = 3¥14  isolate the variable x.

v—5
2. Switch the letters x and y to obtain the rule of the inverse.
We get: y == % ”L;
2% . Consider the rational function f(x) = ;i_‘; .
X
Iy} w 5" 2
a} Determine the rule of the inverse f~1 f -3
b} Verify that
1 fof i) = x 2. fFlofln) =x

22. Consider the rational function f(x) == a%%'%

1 1
. ) d mﬁ\{*—], ran f =R \{~=
a) Determine the domain and range of 1. om f a) ranf 4 2}

-1 . -x + 3
) = give

b} Determine the rule of the inverse f~1.
¢} Determine the domain and range of the inverse f~! and verify that dom f! = ran f and
ran {~! = dom f.
dom f~1 = i’r{\{—é}, ran 1 =R \f.“-‘%}
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dowme = 1, ran = Jex, =71 dom = I, ron = [8, +%] dom = f-=, 4] ror = [ tof

e N . i : —
d) v u_;?;i 3{_.% — 544 e} y= i(xi“ 47 ) y = —dx 42

donm = 34,
san = fyly = ~Zm + 4, m o 7} dom = R}, ran = B\[2] dom =03, ran = i

2. Determine the zero(s) and the initial value of each of the foliowing functions.
@} VV 2{){ f} im‘ H é‘; b? “r . 3-;\{ w:: {:} Yo -% W 4 ! ......... :z
} oo y=2

. ) 5 " . -
Lervs: Z and 6, iv.: ~24 Luror G v -5 Fevor 15, fv. - 5

{:}{ ,,,,, 5};* ') @) “v" o

; ' . e
Zeros: [1, 3f, i.e.: -3 Zevo: 2L w22

— Zevos: 1 F g
107" s ros: 5 and . bvio3

3. Determine over what interval cach of the following functions is pegative.
€ ye=218 - x 12
{z, 14}

fl v - li 3

4. Determine over what interval each of the following functions is increasing.

a) y=-3{x - 5)0x-+ 17  b) y=2x-5 QG vy 6 3x+ 1
-, 2] B 7

| 205 - 1)
F 1 5.+

B . Determine, if it exists, the evtremum of each of the following functions.

a) ve=-3x2 4 12x 7 b} ye=-2]3 - 2% +5 G v 24k 17

max = 5 Frax = 5 Iax = F

@. Find the rule of the inverse of each of the following functions,

+ 8

a) Yo R 1 fﬁ} Yo Z—x 4+ 4 C) V= 2(;\:3;”» 3
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7. Consider the following real functions.,

fixy = 3x - 8 oy = 3

;: ( s ! _}\4[*; :7 }“ e NE ig{k\ )

Pietermine

aB fzi(‘;l} ::““‘[; e b} ! h( ) ). . C} kl!’:;} mm 33_
13

dy [ol{0)= "% &) kefeh(2y=_ 11§} loh(-6) = "2

€. The path of a marble in a child’s garmne con be represented by the graph in the Cartesian
plane below. Tnitially, the marble is at a height of 7 dm from the ground.

Height 41}
{dm]
‘E .
¢
[7 it O=x <
4 i l=x =4
al:

it 7=x =11

- )= J‘
fll=w =1

) m
'L,nR 3* +
\.4 L
T+ o+
w00
=1
o
:f’\
e
i
T

Determine the duration t of the marble’s path.

f(d) =475 ald-5] +8=4.75; o = ~3.25
A7) = 1.5 k= 15; H11)=2411 -7 +1.5-55

~B.5(11) + b =55, b=66;,-55i+66 =0t =125

. Aaron is playing an electronic geme. The height of a Heiaht
flashing dot on the screen can be modeled by a square (mg,;
root function f from 0 to 4 seconds and by an absolute B -+
value function g from 4 1o 12 secands as indicated by

the graph on the right.

The starting point of the flashing dot is the vertex of
the function f.

o i i

Determine at what umes the flashing dot is at a height 4 2 r}:?,ﬁ J
ot 1.5 cm. |
fix) = -3 4% + 6: (e} = - Ex -]+ 3 __ l
The flashing dot is at o height of 1.5 cm at the times t = 2255 t=6Gsand i = 10 s, g
e o
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1.

12.

- AR, b -

A com pam 5 logo was drawn u sm;! the graphs of three square ¥
root tunctions as indicated in the Ggure on the right.

The rules of the functions [ and [ are respectively
o T - i
fi{‘{} ......... . 1 ¥+ 4 and f“(*{; - ; x - 4
3 “

The x-coordinate of the intersection point of the functions f,

and f, 15 16. Knowing that point A is the vertex of the

function f,, what is the rule of the function f,?

S16) =35 A9, 003 £, v = afx R
The rule of the function f, is: y =z Py -G}

The value of ome Kandev share fluctuated, over o one-month period, according to the rule
ot an absolute value function. At the opening of the market, this share was worth $3.50.
Twelve days later, it reaches its maximnum value of $8.
How many days go by between the moment the value of the share is worth $5 for the
fivst time and the moment it is worth $2 on its descent?
3 3 .
Yo »-§-|x-ng_+s; —§;§x~~,§2|+8~=5; ——gfyc: 12+ 8=2.

24 days.

The gmph on the right illustrates a proje ctiles trajectory thrown from a height of 7 m.
Atter 15 seconds, it reaches its maximum height of
40 m before (icscending onto the roof of an 18 m  Height -
ligh building. The projectile bounces and, {ro}
seconds later, is at a height of 20 m. The: first
trajectory foliows the model of an absolute value
tunction and the second one follows the mode] of
a square root function whose vertex corresponds
to the point where it hits the roof of the building.
The projectile hits the wall of another building at
a height of 25 m. How many seconds after the
projectile was thrown does it hit the wall of the ' >
second building?
=-2,2|x~15)  40; -2,2 |x~ 15| + 40 = 18; v = Jx ~ 35 + 18.
The projectile hits the wall of the second building 74 s after it is thrown.
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