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. PG = (a, b} is a trigonometric point, what ave the coordinates of the trigonometric
point P2’
P(éift.) - (g."zu_‘ b‘?, Zak)

trigonometric points?

a) Pt ) fab) b) Pli4 3| _ho)

Z. IfP(1) = (a, b) is a trigonometric point, determine

b 2 4 2
a) tant _a . B) cotani b Loy sect o d) osctl b

4. Determine the exact coordinates of the [ollowing trigonometric points.

a) ?[%) 52 ) (1% £ p[-L 4

a) sine 13 b} cost 12

6. Solve the equation 2 sinw{x + 4 1= 0in
&= % + _2"}; L {—é + Znig_

Fo Given the function flx) = -2 cos ;( x4 L)+ 1

a) Determine

1. the amplitude of . 2 2. theperiodeff & _ :
3. the domainof f % 4. therange of f. -1, 3 . -

b} Graph the function fin the Cartesian plane.

¢j Determine in 2
1. the zeros of f. {0+ 6nlufd+6n) .
2. the sign of f. fix} = 0 over [6n. 4 + én]; f(i} < O over [~1 + 6n, 6n] )[4 + 6n, 5 + 6n]
3. the variation of ff 7 over [-1 + 6n, 2 + 6n]; f » over [2 + 6n, 5 + 6n]

dj Determine over [11, 17} Vi
1. the zeros of 12 and 16
2. the sign of f, _fx) = 0 over [12, 16);

EEpE—. Y

i
3
i
1
i}
]
3
H
3
3
E

3. the variation of f.
Froverfl1l, 14} v over [14, 17}

e
N

If P(t) = (a, b) is a trigonometric point, what are the coordinates of the following

Guérin, éditeur ltée Chalienge 5

189




&ff“J‘J‘\JJ Ty mgan@metm ratios
C(}ﬂbldtr the Lmanglc ABC on the right. B

a) 1. What is the length of the hypotenuse? __5 units B

2. What can we say about the acute angles A and B? They are complementary.

3
b} Determine the ratios
3 4 3 A ; C
1. sinA 5 2. cosA 5 3. tanA _a_
¢} By inverting each of the preceding ratios, we define the ratios
1 H ) o ! .
sec A = — csc A= e and cot A = — Determine
5 5 4
1. secA 1 2. cscA 3 3. cotA 3

d} Verily the following trigonometric identities.

2 2
.o 3 {5’1]4«[3}=—9—+1§=1
1. sin* A +cosc A =1 5 5, 25 25
4
3 w3, 225 _ 2
2.1 +tan? A = sec? A 1+ J =lvqg=qg=sec’ A
2
(2] _g,16_25 _ .
3.1 + cot? A = cscf A I3 ~l+g=g=cscfA

s A_ﬂ: right triangles verify the Pythlgortan theorem:

a2+bzﬁc~

o The acute angles of a right trlanglc are complementary. ; b
m oA+ m LB = 90°
B R E ¢
o We dEzﬁh_e.:tht:; _foﬂfn_wing ratios for the angle A ' " a
gin A = Measure of the opposite side _ a S AB 1S thf.‘ hypotenuse
" measure of thc thotenu.se T _ the opposite side to if%
S .AC 1s the adjaufnt s1de to /_’A
measure o{' the ad; acentside b
cos A = =
measure of the h} potenuse ¢
measure ot the opposite side a. il
tan A= measure of the dd;au ntside b

sec A ==

cos A b

1 ¢

cot A =

tan A

150
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T. Consider the right triangle ABC. 8

a) Determine the following ratios. 13 :
= 12 3
Tosin A28 2 cosA__ 13 3. tanA 12, o
13 13 iz 2
4. gecA_12 5. csc A5 B.cotA__ 5
b} Verify the trigonometric identities.
5 r [12] _
— | =1
T, sin? A + cos? A = 1 [”f 1
el (]
2. 1 +tan® A = sec? A 2) \12
127 (13
e
3. 14 cot? A =cscf A 5} 5
€) Verify that 55 2z _p
1. tan A—SmA 1z 4 2. (,OKA——{—OSA 5
cos A, sinn A
d} Verify that
1. sin A = cos B 2. cos A =sinB 3. tan A = cot B

2. Solve the following triangles {round the measures of the sides and angles to the nearest tenth).

B) 4 4 A c} A C
ﬁ 2 8 o
C gi
mAC = 20.8 mBC = 4.5 mAC = 8
mBC = 25.0 m 2B = 26.6° m /B =531
m LC = 34° m 2C =63.4° m £C = 36,9°

2 Remarkable angles: 0°, 30°, 45°, 60°, 90°

a) The triangle ABC on the right is equilateral, with each side measuring 1 unit. A
We have drawn the altitude AH.
1. Explain why mBH = 0.5 u.

In an equilateral triangle, the altitude AH is also a median.

2. Explain why m ZABC = m /BAC = m ZACB = 60°.

In an equilateral trtangie, each angle measures 60°.

3. Explain why m Z/BAH = 30°.

In an equilateral triangle, the altitude AH is also a perpendicular bisector

4. Refer to the triangle ABH to show that sin 30° = L

2
sin 30° = gw'fsm=

LY
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3

5. Explain why mAH =

=

mAH +mBH® = mAB® {Pythagoras) = mAH. =1 - (0.5)% = %, mAH = —L‘;—‘i
6. Refer to the triangle ABH to show that sin 60° = %—3“;

43
sin 60° = 2. 43
i 2
. o 1

7. Explain why cos 60° = 5 and cos 30° = _231

cos 60° = sin 30° = —;7 {complementary angles}; cos 30° = sin 60° = %@Q {complementary angles}

3

8. Explain why tan 30° = — and tan 60° = 3.
tan30°x%m§=%=%, tan60°w%=m§—=ﬁ
Z 2
b} The given right triangle is isosceles. The hypotenuse measures | unit. B
1. What is the measure of the sides of the right angle?
Let mAB = mAC =x 1
We have: x* + x? = I (Pythagoras); 252 = 1; x = —i‘?
2. What is the measure of each acute angle? 45° C CA
3. Show that sin 45° = 1/22 and that cos 45° = g
sin 45° =sin B = wi‘gwé:; cos 45° = cos B = %
:an45°=%=ﬁ=1
2

4. Explain why tan 45° = 1.

¢} Using a calculator, verify that sin 0° = 0; sin 90° = 1; cos 0° = 1 and cos 90° = 0.

d} Explain why tan 90° is not defined.
o Sin90° 1 e . "
tan 90° = s 0 " 07 Drivision by O is not defined.

Angles g° 11 45° g g4
Sine 0 1 2 43 ]
2 2
£asing 1 1@ 1/2 1 0
2 pi 2

o)
vl
Py

Tangent

7 REMARKABLE ANGIES

Memorize the
.. 5ing ling.

¥ From the sing line, we deduce
the cosine ling, since )
Cos x = sinf{90° — x), /

From the sine and cosine ™
lines, we deduce the tangent

ling, since tan x = 20X

o8 x”

192 Cheapgter B Trigonometry
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. Complete the following table by giving the exact ratios

failes (G g0 45° i g
Secant bi E;E 42 2
Cosecant 2 42 42—?; 1
Cotangent 43 1 ;{;?, 0

Determine the exact measures of x and v.

a) B b}
SBD
A y C

x=5;y=5{3

© Guérin, éditeur ltée
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VY

A furn is a na{urai unit for measuring angles. Certain fractmns of‘tumb define units of angle measures.

i) aﬁmﬁs @% a@gi@ measures

1
— a degree (°} corresponds to the fraction gy of a turn, Therefore: 1 turn = 360°.

- a gradian (grad) corresponds to the fraction 355 of a turn. Therefore: | turn = 400 grad.

. . 1 :
— aradian {rad) corresponds to the fraction 5 of a turn {0.159... turn). Therefore: 1 turn = 2+ rad.

iy

- ] ~
a) Convert = turn in

4 -
1. degrees 99 2. gradians f00grad 3 pudiang 7 red
b} Convert 180° in
1
1. tums __ g turn 2. gradians _200 grad 3. radians 7 rad

: o Ina circle, a radian (rad) corresponds to the measure of the
. cenitral angle that subtends an arc whose length is equal to the
cirele’s radius.
We have: 1 turn = 360° = 27 rad.
Remember that:

7 rad = 180°

mOA = mOB = mAR = 7
m ZAOB = 1 rad

rad.

Therefore:’ I.ra'ci e 180 d 1%

| '180"
These relations en able you to convert radians into degrees and vice-versa.
Fx.: 3rad— 3[180 ] 540"

'TT .

120° =120

—"W rad] = w§r~ .rad

¢ When the unit measure of an angje is not indicated, it is implied that the: angle measure is in
radians. S

T+ Express, in radians, the measures of the following angles.

a) 30°__¢ " by 45°__ 279 ¢ 60° 374 gy 9p°  pred
: ﬁmd éfmrad 5—nmd &rad
e) 120°_° f) 1350 779 o) 300073 py 390° g rad
@. Express, in degrees the measures of the following angles.
a) 2rad = b) zrad 60 g 7{: rad 219" g 533 rad #40°
900° . " o o
¢) Srad_ = ) %raé Tz ) L}; rad 330" h) %1 rad 120"
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&. Convert according to the desired unit.

1 . o
a} O5tumn=_" rad b} 60°= ___6 tum ¢) Frad = 15
3 5 . 1
ﬂmm~mjwmm@1W:ijm ﬂ%sziJm
7200 2n 2
g} 2wns= __ 7 o hy 240°=_ 3  rad i) 405°= __ 4 rad
Express, in radians and in terms of =, the measures of the angles that are multiples of 45
T ™ I
a) 45°_ 4™ p) ooc 79 ¢ 135° 4™ gy 1800 mred
5 3w 7
B 2700 2" gy 3150 E g 36@?_mfijffWMw

. . . . T .
The following angles, in radians, are expressed in terms of <. Express them in degrees.

a) grod 300 b} Trad 1500 Td 2100 gy Mg 5300

&. The following angles, in radians, are expressed in terms of § Express them in degrees.

a) grod 60°  p) Frad 1200 ¢ Lad 2000 ) Trd 3000

) Bre length

Consider the circle on the right with radius r and central angle AOR.

@) What is the measure of the arc AB if the central angle AOB measures
1. 1 radian?_r 2. 2 radians?_2r e 3. 3radians? 3r |

b} If we let 0 represent the measure, in radians, of the central angle AOB and s
represent the measure of the arc AB, express s as a function of rand 6. __ s =76

¢} Ifthe circle has a radius of ¥ = 1, what can be said of the measure s of the arc subtended by the

central angle measuring radians?
s =0, the length of the arc is equal to the measure of the central angle which subtends this arc,

o s | &Raasmﬁfﬁ]
- Lonmkr a circle W1th radius'r and ) wntral angle AUB Whii o Whtmd“ the

- are AB;
I & ripresents the measure, in mdmf . of the central angle and s represerits the

length of the subtended arc, then

s=r0

® Note 1hat rand s are e\pzosxd in thv sarme umt%
LX @n th& right, we have: r Z_-c‘,.m-dnd- = 3 - rad.

The_ ar¢ AB measures s = — cm = 2.09 ¢m.

3.4 Arclength 188
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e In a circle with a radius of 1 unit, the length of an arc is equal to the
central angle which subtends this arc.

r=1=s5=8

Fx.: r=1 cm and etl} rad = Szg-cmml.()ficm.

7. By referring to the figure on the right, calculate the length of 4
— ]
a) AR 3" b)) CD _ZTem ¢ pF_Frem B
a0
0 A C E
U S S S
8cm 4dem Gem
= In a circle with radius 7, a central angle AOB measuring ; 0 P
& subtends the arc AB of length s. ;
n 4
Compicte the table of values on the right. 2 cm - Tad 5 cm
<R ™, 7 ‘ 5
;i\}\/ﬁ ; 6 em -g— rad 57 cm
AP A AL A 12 cm %_Tm rad 101 em
m B. The radius of curvature of a railroad track is equal to 600 m. What is the central angle of a

6 =3 rad

train’s trajectory if it travels 1.8 km along this track?

3

€. The minute hand of a watch measures 0.8 cm. What is tho djs{ancﬁ traveled by tHc

end of the
Ry ff’ T i v
A b v ;

!
L minute hand in = f/ 37 2.
a) 2h15min? 0.47etn_ BY | day? 120.6 cm \f ¢) 1vyear? _ 4402 m

% 9. The wheel of a bicycle turns at a speed of 150 turns per minute.
5n rad/s

a} Express the speed in radians per second.
b} What is the distance traveled in 30 minutes if the raqu of the wheel measures 40 cm?
3600nm= 11 310 m \f (e g S e o

.

1Z. A urcular segment is the surface on a disk between an arc and the chord wh xch subtmds this
arc. Let r represent the radius of the circle on the right and 0 represent the central angle that

defines the circular segment.
2
@} Show that the area A of the circular segment is: A = %(8 — sin 6.

A = area of the circular sector AQB —~ area of AAOB

Area of the circular sector AOB = —E—(Tr*’) = —: area NAOB = — sin 8,

A =" (0~ sin ).

f"
7]
Z

b) Calculate the area A of a circular segment when r= 10 cm and § = 3{;:
10° (= 255
A=-§v~§»~6~-sx ] 50(—-E]=——25w118cm
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In the Cartesian plane on the 11ght tht ansgfie AOB is obtamu:i by having
the initial side OA undergo a rotation with centre 0, angle of 145°in a
positive direction {counter-clockwise}. Such an angle is called a
trigenometric angle. The side OB is called the terminal side.

Define a clockwise rotation which applies the initial side OA onto the
terminal side 0B.

A rotation, centered at 0, in the clockwise direction and of angle 215°,

YA

mmmmmc @!@@iﬁ_

In a trzg@mnndru angle, we dl&tlﬂ?ﬂj%h
~ the vertex, locateid at the céntre 0 of the Cartesian piane

~ the side of the angle, called initial side, that is along the
positive x-axis.

~ the other side of the angle; called terminal side, obtained by a
rotation centered at @ of the initial side.

~ If the rotation is performed in a positive direction {counter-
clockwise), then the measure of the trigonometric angle is
positive.

-~ If the rotation is pvm‘ormed i neg.,auve direction {clockwise),
then the measuréof the tngcmometnf. angle is negative.

&, :

0 - Initial sidg 5‘

ZABB is trigonometric

e
e
X

by
B
AY
607
0 A
b

o

T. Consider the trigonometric angle AOB. What conditions must be met when considering

The vertex (O is the origin of the Cartesian plane.

a) the vertex 0 of the angle?
b} the point A il OA is the initial side of the angle?

The point A must be located on the positive x-axis.

¢} the point B if OB is the terminal side of the angle? None

© Guérin, ecditeur ltde
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@. Determine the measure t, in degrees and radians, of each of the followin g trigonometric angles.

a) YA b} ¥4 ¢} Y T
i Id ¥
i "x \o| ./ x \Q_!P/ “x
%No‘ o o =7m o, D
45°; i rad ~315°; ' rad 405°; 5 rad
d) y e} YA f} Y
& @& 0 ”
% X o z
=2 =4 eyt N\
oy L e e -18%
S AN mgﬁﬁ{%‘j; ...% rod i 765°%; %’Fm rad 5145,;/_6:§03 1;’1- rad

%. Represent each of the following trigonometric angles with the given measure.
a) rad b} 1200 ¢y 420°
YA Y4 ¥

~

o]

"

o

w®Y

§

E L
=»¥

d) %gra e} -120° £} -450°

Al
N
N

g} ——56:'3 rad h) -%—“«rad i} -3% rad

¥

&

=¥
DE
WY
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T?E@Gﬁ@meﬁﬁi QE?QE% as}d fi’i@ﬂﬁﬁmetﬁ'iﬁ @@!E’E‘iﬁ

A urck cente rLd at O with radius 1 has been drawn in the Cartumn

plane on the right. This circle is called the trigonometric circle. Any Pix, y)
point P{x, v} on this circle is called a trigonometric pmnt

Any trigonometric point Px, v) verifies the equation %% + y* = 1 and,

conversely, any point P{x, y) that verifies the equation x2 + y? = | is

trigonometric.
Determine if the following points are trigonometric.

a) (LA M by o Y g (—‘?— L] es

{272 e M A Y
9 [“él““‘éﬁj— ----- Yo o) [{i,g]wﬁ’fs ) (0,-1) __Yes

mmmmgm@ ﬁﬁmg gm m@m@mmm mm j’j

¢ The mgtmomttric Clrdé‘ is-a circle centered at 0, ‘{he origin of
the Cartesian plane, with a radius of 1.

° Any point-P(x, ¥} on the unit urcl( is called a tfl},{‘}ﬂﬂnltt“i‘l(!
point. We have:

) a6

P(x, y) is trigonometric < x? 4+ y% = 1

M,m/

{t.-1

—4 g4 3
13 ' 13

€. The pomt {

a-4
13

] is a trigonometric point. Determine the possible values for a.

a+ 3

‘E‘J =l (a-42 +(a+3P% =169« 2a2-2a-144=0=a=9ora = -8,

5. Determine the possible values for x if the following points arc trigonometric.

__43 {3
a) P('x,l), x=0 b) Px—l} x——wémorx——?
x=-08 orx =08 x=-22 o x =12
) T = 13 13
¢} P(x, 0.6) d) P[ x 13]
€. In cach of the following cases, determine the coordinates of the trigonometric point P.
1) p[i, _ﬁ]
a} P{E,yé & 4th quadrant. 2’ 2 B
b} P(-0.6,y) € 2nd quadrant. P(-0.6, 0.8)
2
<} P[ ,y] ¢ Ist quadrant. 232
1 -3
P ["E’T]

d} P(—é—, y} ¢ 3rd quadrant.
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E.mtm 3 ‘Es&g@mmeﬁsc g}@mt

The unit circle has a radius of r = 1 unit. The length s of the arc

Cenudcr thg trigonometric circle on thc r1ght a trlg,onometrzc pomt P( y)

and the measure t, in radians, of the trigonometric angle AOP. (0 <1 < ZT} Pix, y)
a) Whatis the length of arc AP? Justify your answer, r
I

5

AP is therefore s = vt = ] X t = § units.

b} Let P(t) represent the trigonometric point associated with the
trigonometric angle . (r € R}

Determine the Cartesian coordinates (x, v) of the following

.

A

7. Plew) _(-1.O) 8, P(-EJM_, ©.1) 9 P(-2x) (1L0)

¢} Isit true to say that for each real number ¢, there is a unique corres-
ponding trigonometric point on the trigonometric circle?_ Yes

trigonometric points P{1). Pl
1. POy . (LG 2 P{“] 6.1 3 Plxy____ -1, 6) /
4, P[%ﬁ] 6.0 5 P2w)__ (.9 6. P{-g (0. ~1) K !

®Y

d} Can we say that each trigonometric point P{x, v} on the trigonometric circle corresponds to a

unique trigonometric angle 7 No

'@mm & mmmme*ﬁ*m

eﬂac h real number ¢ (,orresponds to a’unique point o tho anit
circle written as P{1). _
P(t) is the extremity of the arc-whose 6rigin is the point P(0) and
. whose directed measure is equal to t.

P{t) = Plx, y}

i
Lo

: P(xy) is-the Cartesian notation of this point.
Ex.: P(0%) = P(1, 0y
CPIO0RY = PO, T

o If-1is positive, we, Y5 s If 1 is negative, we'

locate the point f ('). locate the point Pt}
: r

(ﬂ by movingina R

counter-clockwise w0 Wm direction.
direction.” ' \/} SRR

E.X.j Lo y . L yA :.. | .yj

A ~ // i
- f \335“\#{0;,, / \Xéim; 3 4P(0)

- ;‘by moeving ina clodk-

o
x

\w

L -\\P({}}

: Pm

Plae)

e e L
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7. Indicate in which quadrant each of the following trigonometric points is located.

a}) P(120°) _#f b} P(300°y IV ¢} P(400°%) 1 ) P(-120°)

o i ; Ax i i v YR/
o R . noelE_m g v hy Pl M

bo If P(1) is a trigonometric point located in the 1st quadrant, deduce the ¥
quadrant that each of following trigonometric points will be located Pit)
ifn. _ / \
i

a) Pt M by P+t B g Rl v \v/ %
d) Pty IV &) Plx-n M) e[| v
g) Pt-+2n) 1 hy Ple—-2xy 1 @) Plr+6m) I

Cartesian coordinates of a trigonometric polnt

a} Consider a trigonometric point P{t) located in the 1st quadrant; Y Ple) = Pl v]
[O =t< :”E}- ; V
2 Vv
Which trigonometrie ratio enables you to calculate s
. . ri .
1. the x-coordinate of the point P()? _x = cos t N X
2. the y-coordinate of the point P(r)? _y=sint
b} Determine, without using a calculator, the coordinates of the
trigonometric points
1. P(O) = {cos 0, sin 0} = {1, 0}
s, sin E'L]
2 P[ﬂ}: cosg Sl =10, 1)
- P35 "
. . o 1P ey
¢} The points P[E]’P[i&] and P[EX} are trigonometric points in the Ist SF{E)

r
quadrant called remarkable trigonometric points. Determine the PE)
exact coordinates of these points without using a calculator. - P(;Ex)

{ Tr Lom ﬁ Ii
1. Pg}m W”Zﬁm?%+3“5 \\\\m,f///
cos ™ -Q_EZ£Q
2. P[i}]: ECOS4,31n4 —-—[ 2 3
w . b 3l
3 p[iﬁ} _ |cosm.sm 3)”["72"’";‘;%
- Pl3l=
d} The points P(1 rad} and P(40°) are trigonometric points located in Y

the 1st quadrant. Using a calculator, determine the coordinates of
these points to the nearest hundredth. Use the appropriate mode, rad
or deg, which applies.

3
1. P(l) = {cos ¥, sin 1) =(0.54, 0.84) C)

zZ. P(éi()°) — {(cos 40, sin 40) = {(0.77, 0.64}

® Guérin, éditeur itée 5.3 Trigonometric circle 204




e} The results observed in a), valid for any trigonometric point in the st quadrant, are generalized
and bring us to the definition of the Cartesian coordinates of any trigonometric point P(f).
We have: P(r) = {cos ¢, sin t) where 0 <t < 27,
Calculate, using a calculator, the Cartesian coordinates of
1. P(100°) (-0.17,098) 2. P(200°) (-0.94,-0.34) 3 p(300°) (0.5, -0.87)
-  CARTESIAN COOR ﬁ-ﬁms OFA mmmm FRIC POINT
o Gn en a tngonometrm point P(r ) (0=1r=<2¢ u) ¥y
~ the x-coordinate of P(1) is equal to cos t. Pl} = (cos 1, sin 1)

LR S

~ the y-coordinate of P(f) is equal to sin &
Note that:

P(t) = {cos t, sin 1)

By convention, we call the x-axis the cosine axis, and the y-axis
the sine axis.
[
Ex.y [S] (c033,5m3] [_2, 2]
P(140°) == (cos 1407, sin 140°) = (~0.7660, 0.6428)

8. For each of the following trigonometric points P(z), indicate

1. the quadrant in which the trigonometric point is located.
2. the sign of cos t and the sign of sin ¢.

a) P(160°) b) P(350°) ¢j P(-150°) dj P(750%)
1. H_________.. .o 1, T
5w 5w 2 10%
€) P[“"é"] o P o P[-Z] h) Pl
1, # I L L _ 1. I
2. (=¥ 2 (4 A e B 2. )

T0. Using a calculator, determine the coordinates of the following trigonometric points to the

nearest thousandth.

a) P({175%) {-0.996, (.087) by P(625°) _(-0.087, -0.996) )
q P[l_p;} (0.809, 0.588) é) p{m ggfg] (-0.866, -0.5)
% 1. Knowing that Pt} = P ff;—} is a trJgonometrzc pomt determine
3 -4 .2
a) cost=_5 b} sint= 5 ¢} tant = 3
s'?”x‘—a §_ ....é _,'?..
d)\;b sect= _3 @) csct= 2 f} cotant= "4

202

Chapter 5 Trigonometry © Guérin, éditeur ltée



12. Knowing that P(t)z[cos 1 %J is a trigonometric point located in the 2nd quadrant, determine

-1z -13 z | }Z
a} cost= i3 b} secr= 12 ¢} csct=s . 2
-5 -12
dy tanr= __12 e} cotr= 5

3. For each of the following trigonometric points, give the two possible values for the missing

coordinate.
L 93 1z
a) P[%J Y b) P{{%} £3 ¢ P(.., 06 F08
12 45 Z
=5 + 5 z e 42 =R
d P | &) PE..| *s ) p[ ,,_2_} 2
T&. A trigonometric point P(¢) has an x-coordinate of cos £ = 0.8. sna
a) Ifthe point P(1) is located in the Ist quadrant, ///\\\\
1. determine the y-coordinate sin¢t. _sint=0.6 S .
2. deduce, in degrees, the value of t knowing that 0 < ¢ < 80°. B \\é‘// 608
£ =369 o
-

£

3. deduce, in degrees, the value of t knowing that 360° = r < 450°.
t=396.9°

b} If the point P{r) is located in the 4th quadrant,
1. determine the y~coordinate sin t. _sin ¢ = -0.6

2. deduce, in degrees, the value of t knowing that 270° < ¢ =< 360°.__t = 323.1°
3. deduce, in degrees, the value of t knowing that 630° =< =< 720°._t = 683.1°
5. A trigonometric point P{¢) has an x-coordinate of cos t = ~0.6. e
a) If the point P(1} is located in the 2nd quadrant, / \\\\
1. determine the y-coordinate sin t. __sint = 0.8 3 5 o
2. deduce, in degrees, the value of t knowing that 90° < r < 180°. \\\ ’//
t = 5a1 f9-6.9° 3
3. deduce, in degrees, the value of t knowing that 450° = t < 540°.
£ = 4351° 767

b} If the point P(¢) is located in the 3rd quadrant,
1. determine the y-coordinate sin t. _sin = -0.8
2. deduce, in degrees, the value of t knowing that 180° = r < 270° _t=233.1°
3. deduce, in degrees, the value of t knowing that 540° <t < 630°. _t = 593.1°

A

Siﬂj\
T6. A trigonometric point P(t) has a y-coordinate of sint = % i
a} If the point P(z) is located in the 1st quadrant, f/\x
=12 - >
1. determine the x-coordinate cos . _°**~ 13 i \\i—/1 cos

2. deduce, in degrees, the value of t knowing that 0° < t < 90°, £ = 22.6° E

b} If the point P(r} is located in the 2nd quadrant,

cost=—_-£m2-

1. determine the x-coordinate cos t. 13
2. deduce, in degrees, the value of t knowing that 90° < ¢ < [80°. __ = 157.4°
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T7. A trigonometric point P(r) has a y-coordinate of sin t = 14;:

a} I the point P(1) is located in the 3rd quadrant,

-3
CO8 [ =
5

1. determine the x-coordinate cos r.
2. deduce, in degrees, the value of t knowing that 180° < r < 270°, _#=233.1°

b} If the point P(t} is located in the 4th quadrant,

3
. . cos it =~
1. determine the x-coordinate cos r. 5

2. deduce, in degrees, the value of t knowing that 270° = r < 360°, _t = 306.9° /

Properties of trigonometric points

a) Consider the trigonometric points represented on the unit circle on T

the right - ﬁf,/, {th = (a, b)
oy T =
1. Name the geometric transformation that applies the point P{z)

onto the trigonometric point _— 0 A -
1 Plr— 1) Reflection about the y-axis. =4

2) P(mfi} Reflection about the x-axis.

3) P('TY 4 i‘) Reflection about the y-axis, followed by a reflection about the x-axis.

2. Deduce the Cartesian coordinates of the points

1 P(w—1t) (e, b) 2) P(~1) __(a, -b) 3} Plw -+ 1) {2, -b)
b} Consider the trigonometric points on the right. . Sy
1. Find the image of the point P(1) by the reflection about the line  Pl5+ 4 iH jf)
v = x, and deduce the coordinates of this image. / +u Pl = ta. b)
2. Deduce the coordinates of the trigonometric points Pl ,rt)l )/p-{ 5

1) P(J"2£+r] b.a) P{—?’-ZT-‘—:] b, -a) 3) P[t*-ﬂzl] (b, ~a}

' Given a trigonome’trlc point P(t) = (a, b), geometric transformatmns ey 1516 you to dedice the
Cartesian coordinates of the f@liowmg tﬁgom:mot; ic points. ' : h

= a)

Pl = {;e b§

-

X

P(—«t {a Ay
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1 8. Consider the trigonometric point P(t) = [ 5 12]

13713
a) Deduce the coordinates of the following trigonometric points.
[i ;IE';J (—5 12) [;9’1 ﬂ}
1. P(—-I) 137 13 2. P(frr o t) - __1_3;_33 3. P (’Pf + I) _I_‘gg_i_
b} Deduce
5 iz 3
1. cost i3 2. sint 13 3. cos(-t) 13
-12 -5 -1z
4, sin(-r} 13 5. cos{m — 1) 13 b.sin{n 1) 13

=« In each of the following cases, choose the correct answer from the following 4 possible
answers: cos I, sin ¢, —cos t and —sin £.

a} cos(—t) €St b} sin(-t)__ T5ME ¢} cos(m +t) 7698 F d} sin(nw ) S0 E

e} cos(m + 2‘.) “cost o f} sin{w -1}t g} cos [—;‘— - E'J _sint Ry gip {% mt] cost

_® sint i : e B ~cOS
I ?_J _snt } sin [t Z] eest

+t} ~sint 3 sin[ﬁﬁwt]‘ cost kY cos

i} cos

(chnt ctn?,éﬁorﬁdmc point P(1} = (a b) sin A
a) Determine the coordinates of the following trigonometric points. / \"{” = la, b)
1P+ 2x) (&b 2. Pr+dry_fe.b) 3 Pty 6n) (@b .
4. Pt —27) (&b 5 P(r—4xy_{&b) 6 Pt 6x) fab) \\j ] oos
b} 1. What can we say about the 6 trigonometric points defined in a)? -

They are coincident.

2. What is the smallest positive real number a such that P(t) = P(t + a)? 2w
3. Is it true to say that P(t) = P(t + 2xn),n € Z7 True

¢} Ifne Z, isit true to say that

1. cost==cos(t + 2mn)? _True 2. sint=sin(t -+ 2nn)? __True

pm@mcm OF TRSGGM@ME?&EC ?GﬁWS

SINA

P(z L.Z'“t) P(t) VrER CLo /\'\\
s Note that P(r ) }(t + Znn we ., oh o Py .'; 0 c}ns
Thus, ... .P(t -~ 4w) = P:(z L,\‘ = P(L) = o 27 = Pl Ay s

e Consequently ¥Vt ¢ IFE;’*\:_’_ H _C EZ? ”w_ h_ay_.

cos{t + 2xn) = cost | . and sin{t + 27n) =sint |

Ex. I P(r) = (0.6 (}‘m thcn }’{r + E(} ) - (0.6; 0.8).
cos{t + 107) = 0.6 and sin i )?\:! U 8.
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28. Write cach of the following trigonometric points in the form P(¢) where 0 = ¢ < 2.

( !

a) P{%J_ Pz b} P(2x)_ PO S P[LEEJ P[3]

d) P{Lil} Pl3] e) P(::%QE] Pl ) P[m’“] Plg)

Whe three remarkable trigonometric points of the ist

quadrant p{ ) [4J and p[

a) Locate on the unit circle the remarkable points of the
2nd quadrant and give the Cartesian coordinates of

are represented on the right,

these points.{ 1 bl (7T
1. P{gﬂ] o \——2_’—5}
S A
2. P[Eii] TF 2
B ‘
3 PLWGIE 22 P =10, -1)

b} Locate on the trigonometric circle the remarkable points of the 3rd quadrant and give the
Cartesian coordinates of these points.

3 i] 5 P[;;}} i"*?“’“%%} 3. P[%’i] ["é’"%

"% 3
¢} Locate on the trigonometric circle the remarkable points of the 4th quadrant and give the
Cartesian coordinates of these points.

1. P[%’EJ 3-E 2. P{ZE} £ 3, P[Léfi] £.3]

RWARK@B&WREG@N@METRICmms T

A

1. P{Zé‘fi

3:{3:} - {8, 1)

- From the coordinates of the remarkable points of the st ¢ wadrant, we de duca 19\7 S},IIIIE{& try the
- coordinates of the remarkable points of the three other quad: ants. T :
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& 1. Determine the Cartesian coordinates of the following trigonometric points.

(43 hi;,] LAz ﬂﬁ] [mi _,;r:]
a) p[wl] AR by P __éﬁl} 2 T2 €) P[__i‘fi} "%
el 25 3]4} - ey -, 2]
P{JEJ 2’ 2 p[_'_a R p{ '{‘} P27 2
d) PZ e) #) ) Tevz)
Z. From the Cartesian coordinates of the remarkable trigonometric points, determine the exact
value of
& B Lz
a) sin ] 2 b} «cos JJ 2 ¢} sin [—f] 2
d} sm[ “} e} cos WEJ 2 f} cos [—'EJ 2
2 6 3
2 3. Determine the exact value of
[ s 1 1
a} sin tmg} 2 b} cos {M%J 2 ¢} sin [%”i 2
19 "ﬂ 7 ““ﬁ 17 _11_’""2-
d} cos {——4—3} 2 e} sin { ——%J 2 ) cos [WJ] 2
@4. Determine the exact value of
a){ taq 2,: ] -3 b) cot {SWJ -3
243
¢} sec [ZE] 3 dj esc [LIEJ -2z
6 6
2%. Knowing that 0 = r < 27, determine the two values of t such that
£
T S T Zax
a) costz% 3°7 3 b} sint:lfz-g— 3% %
kg it 7 Iiw
__J}; Tor T i 1 S O
< = et ) sint e —— & 6
} cost > ) sin 5
2®. Find ¢ if
S ; X
. t=20 - r=2%
aj smtx%andiﬁ.té%‘— 6 b) costm?iandwsr<~3~§~ 3
5 .
F o o=
¢} sint= { and 3; st=2n _..3%  d) cost= —; and 0=t X 3
2'¥. Knowing that 0 < r < 360°, [ind the two values of ¢ {to the nearest tenth) such that
a) cosi= 0.8 _ 369 or323.1° b) cost=-06 126.9° or 233.1°
¢) sint=10.2 11.5° or 168.5° d) gin t — (1.4 203.6° or 336.4°

£8. Knowing that 0 < 1 < 27, find the two values of ¢ (to the nearest hundredth) such that
a} sint=0.7 0.78 rad or 2.37 rad b} sint =-0.6 5.64 rad or 3.79 rad

¢) cost=0.2 1.37 rad or 4.91 rad d} cost=-08& 2.50rad or 3.79 rad
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PNCTIYITY (S Trigonometric circle and the tangent axis

a} On the trigonometric circle on the right, line ! is drawn perpendicular c
to the x-axis at the point A{1, Q).
Given a trigonometric point P(t) of the first quadrant, we designate C
as the intersection of the extension of the radius OP and the line /.

Explain why tan t = mAC.

/ :
— J— I
In the right triongle OAC, we have: tan t = gg = 4"31:3. \\\ﬂ/

b} On the trigonometric circle on the right, we have directed and scaled tan
the line [. The chosen scale corresponds to the radius of the unit circle.

b=
=¥

The resulting line [, scaled and directed, is called the tangent axis. y e
Given a trigonometric point P(1), we locate tan ¢ on the tangent axis T/ L
by extending the radius OP {see a}). Gl —P(3)
1. Locate the point P[%} and verify by construction that tan —E = ] /// to

i) 0 bx
2. Locate the point P{ ] and verify by construction that tan [ 4} =-1. \T AT
‘ )
1

¢} Given a trigonometric point P(7) in the 2nd quadrant, explain how to

. . 1
focate tan t on the tangent axis and deduce the sign of tan t. 74 I
We extend OF. The intersection of the extension of OP and the tangent
P
axis corresponds to tan t. We have: tan t < 0. u

* T hv tl’i”(‘lﬂOl’TlCt!“i( circle :md tangeni axis: arcé roplesen‘ced on tln rlght

- Given_.a mg_)mmmetrla point P(1), to lt)ccitc tan £ on the tangent axis, we
exte r;d the radius OP. The intersection of the extension of the radius OP and
the tange nt axis ¢ nables you to locate tan +, -

":.95":':._Nnte that

i Ijta nt et (}
s tan't = (J
i tan t ..... = (),
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2%9.3a) Consider the trigonometric point P(r).

Determine in which quadrant{s) P(t) is located if
1. tant > (. Inithe Ist or 3rd quadrant.

7. tant < (). In ithe Znd or 4ith quadrant.

hian

b) If0 <<= 2=, determine rin each of the following cases.

t=~~:?)~T~orif:47~b"‘i

7 S
Bw T ooF fow o
ihed 4 2. tant =-1 2 F]

1. tant=1

Consider the trigonometric circle on the right.
a} Randomly place a trigonometric point P{z).
b} Deduce the location of the trigonometric point Pt + =).

¢} Locate on the tangent axis tan ¢ and tan (f + =) and compare tan ¢
and tan (t + w). _ ten f=7fan {f + 7} Pt + =)

d} s it true to say that for any real ¢, we have: tan (¢ + =) = tan 17 Yes

L1

@ T . Consider the trigonometric point P(r).
If 6 =t < 2%, determine the two possible solutions for t in each of the
following cases.

w4 2: 5= \\\
a) tni=+3 3% b} tant= —3 _ 3% r

n 77 5 11 ] i
L R P Y
e} tant =10 0orx f) tant= 0.7 0.61 or 3.75

Z2.32) The trigonometric circle and a trigonometric point P(¢) in the 1st quadrant
are represented on the right,

As t approaches g‘», what can we say about tan 7

tan t increases indefinitely while remaining positive.

B} The trigonometric circle and a trigonometric point P(¢} in the 4th quadrant
are represented on the right.

As t approaches %E, what can we say about tan t?

tan t decreases indefinitely while remaining negative.

£ 2. a) Place the trigonometric points P(t) and P{-1} on the unit circle.

b} Compare tan(~t) and tan ¢, tan (=) = ~tan t.

¢} s it true to say that for any real ¢, we have: tan (~) = ~tan ¢, Yes

/T
Yoy

.

Pls} 41

iz

N

Pl

¢ BT
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Ae

Initially (r = 0), the seat of a swing is in position A. We notice that it takes 8
seconds for the swing to go back and forth 5 times.

aj

b}

d}

f)

210

eriodic functions

FIYITY | Morement o a swing

Does the seat periodically follow the same trajectory? __Yes

It yes, each return is called a cycle. 0
Trajectory
The required time p to retum to point A for the first time, ie the duration of
one cycle, is called the period of the movement, Determine the period p of
the movement.
p=16s

Complete the table below which gives the position P{t) (A, 0 or B} of the movement as a
function of elapsed time ¢ since the start.

t 0 G.4 08 1.2 .6 2 2.4 2.8 3.2 4.8 6.4 ]

#ird A o B 0 A O B o A A A A

Verify that for any value of ¢ {0 = 1 < 8), we have: P(1) = P(r + p) where p is the period of the
movement.
Various answers

The frequency of the movement is the number of cycles per unit of time. Given that we observe
here 5 Lydes in 8 seconds, calculate the frequency F, ie the number of cycles per second.

F w2 = 0625 cycles/sec

The trajectory of the swing's seat is represented by the arc AB in

the Cartesian plane on the right. The points A, 0 and B have ¥

x-coordinates 1, 0 and ~1 respectively.

1. In what interval is the x~coordinate of a point P(t) on the
trajectory? _ -Isx=< 1 B Plr) o A

2. Complete the table of values below which gives the x- b0 ; X
coordinate of a point P{1) on the trajectory as a function of a4 0 1 (s)
elapsed time ¢ since the start.
H 0 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 4.8 6.4 ]
X 1 ] -] ] I O ~1 ] I 1 1 I

3. We have represented two cycies of the function f which gives the x-coordinate of a point
P(t) on the trajectory as a function of elapsed time ¢ since the start. Draw 3 other cycles.

"%.\%&/.J:ﬁ_ g3 \/ % \/ 84 \/

1ho

-1

Lodsteyele o Znd, cvcie
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® A furmu(m fis called per mdm it there exists o real number a such that 10r any value x of the
demain of f, we have:

fix +a) = fx)

The smallest positive value of a for which f{x + a) = fix) is called the period (denoted p) of
the function.

¢ Omne cycle of a periodic function is the smallest portion of the graph that, by repetition, forms
the curve representing the function. The distance between the extremities of the cycle is equal
to the pe rtod p of the func tion,

gyl

Period 4 Pen(}d_ Pefiog”

p === :?C;? — xl e x:% - x2 = x4 -m'x3 jeaad

@ The frequency, denoted F, is the reciprocal of the period. !

. F=—
p
In a situation where the variable x re presents tirne, the pe rzod re prcs< nts the duration of one
CvdL and the frequency represents the numbéer of Lydes per unit of time.

% . Indicate if the following functions are penodm If yes, indicate the ptl’l(}d p of the function.

a B

: \/ X

i

Yes, p=3

2. One cycle of a periodic function f is
represented on the right. ey
a} Determine the period p and the .
frequency F of this function.
p=4,F=1%

‘ny

b) Complete the graph of this function
forx & [-3, 13].

¢} Determine

1, ranf 2. 2] 2. min f. -2 3. maxf 2
d) Determine
ALS) 6 2.f25,._6 3 fl42y. 2 4 fi32)._ -2

1 3 5, 7and 9

e} What are the zeros of f over the interval [0, 10]?
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..Se;i;gw function

/J_&fc“m R

‘:f 7} Easa& sinie fumm

The bas;c sine funicti on, deno{cd sin, has the rule y

k)

== 8in 1.

)
1
aj Comp}etg the table of values below when t varies from =2x to 4.
¥ i i T IR P(t)
o2 -%T —T "““; O _721 w® -323 2y %ﬂ 3 z% 45 sney "

smrp 0f 1 o101 o0l-1lo0o] 1 06l-1]0 0 !

We have represented the function v = sin 1 on the ry

right. Is this function periodic? If yes, what is the e

d)

4]
St

f)

period p of the function? Yes, p = 27

For this function, determine
& 2. therange. __f-1 1]

1. the domain.

3. the maximum. I 4. the minimum.

SIET S

The amplitude A of a function fis equal to half the difference between the maximum and the

minimum of the function, i.e, A == M/ —minf

What is the amplitude A of the sine function?

When ¢ € [0, 2w}, determine, for the sine function )
ir 4 i ?
1. the zeros. 0, m and Zn 3
2. the sign. sint=Qif0<t<nq andsintfsﬁiff'é:{ t=< 2%
[ w T 3z
3. the variation, "7 £€0, ] { psin vif te|o, ]

212

Venfy the pmptrty Vielk: sm(mr) == -sin 1, using the graph or trlgont)metm circle,

|BASIC SINE FUNCTION

'I:h{‘ QEI’E{‘* functlon denoted sin, is'defined by

sin: M - R _
X >y e sin x

V4

sine f1 inction is a perxodu Ium tum w1‘i:h period 2.

sin{x - 27) =sinx

Ehaepter 5 Trigonometry

One cycle of the basic
sine function is representad
in blue over [0, Z7]
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o The amplitude of a sine funétion fis given by A = 23S minf

The amplitude of the basic sine function is: A =
s We have:
~ domain = R, range= [~1 1.
zerosover [0, 2w]: 0, wand 2.
sign over [0, 2xlisinx = 0ifx € [0, 7] and sinx < Qifx € [1’ 2ml.

™ 3n % 311:
X sin ¥ ifx €2
0,%|ulE, 211] [2 n

|

variation over [0, 2n]:sin 7 if x € .

]

extremarmax = 1 min = -],

» For any real x, we have: sin{-x ) = ~sin %. The basic sine function is therefore considered to be
an odd function.

T Consider the function f(x) = sin x. B2
a} Find the zeros of f when /\\
1. xe&|-2% 4,“]. -2, ~%, 8, %, &%, 3n and 4= - ;
2. xR frnl, ne f g—
b} Solve the inequality sin x = 0 when
1. x € [-2m, 4x]. Swl2y, ] U0, nJuif2x,3x i
2. xc @ ={Zwn,n+2wnl,nc? 5 o
¢} Find the values of x for which the function fis increasing when
| _ 3w 3”1 5= l?ﬁ ]
-2 » W= = e 4 H
1. xe[-2%,4n). 7 ‘ [99 z‘ 7" o
2 xR bf* 2mZozmnlmez ]
"{J’\t? ") Emﬂatmn sin 9 = k
'Ihe hu}ctmn y = sin x is raprescnted on the rlght wben A T S

& {-27, 4rl.

a) 1. By referring to the trigonometric circle, solve the
equation gin 8 = ]E when § € [0, 2]

w bw
=57
2. Explain how to find, from the solutions in 1, the
solutions to the equation sin § = % when

1) 0e [2—51 4’1‘\']. Add the period 2t to each sclufion.
2)He [_,ZTTJ O}_ Subtract the period 2% to each solution.

3. Verity that the solution set S to the equation sin § = é— over R is described by

S“{ lkr 7w 5x 3x 17n
—— ---,m

ST Y e e B } {enumeration}.
} E

or by
S — {.;i + zqrn} L {%“1 - 2’5‘(1’[} where #n € Z (set-builder notation).
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b} By referring to the trigonometric circle and using a calculator, solve the equation sin 6 = (.4 when
1.6 [0, 2], 8 ={0.41; 2.73}
2.0 ¢ [4m, 67). =uz 98; 15.29)
3.0 R, ={0.41 + 2en}ul2.73 + Zrin),ne 7

¢} Solve the inequality sin § = % when

|z 5%
€ 0, 27]. $-15 %)
_|z 5u] [18n 17x
2 e 04n, STl T S
ks S
3. 0c R S=_E+2ﬁn’?+2rn neZ
?‘“‘M”WhGE] b e ;O 2], th( (quduon sin 6 = k ylelds 2 solutmm o, and 9 : WA

| | 6, =sin"! k and {-)2 =n — 4, ﬁﬁw
¢« When 0 € R, the equation sin 8 = kvields an infinite number of solutions. \:/CDS
S=1{0, +2mn} U {6, + 27n} wherenc Z

Ex.: The equation sin §= —‘-‘? has the solution set:
° = {*‘ '*“} when 6 €[0, 21

"= {5 + Zm}u {"3;:“( -+ -Zm}; ne Z when § & Ik,

Z. Solve the following equations over

1. [0, 2] : 2. 2%, 4] 3R

a} Sinx:ﬁ 1. S={%’%} > S‘{%,%} 3 S={%+2ﬂn}b{%+2wn} nc?
2 . "

by sinx=1 1. sm{li} > S={%} 3 S={E+2~n }nez

<} 511’19(““—% 1, S={%’%ﬂ} 7. S={1—§i’%ﬂ} 3 S={%+2Wn]ui—%?—+2ﬁn ,ne?

d) sinx =06 1. 5 ={0.64; 2.5} 2 8= {6.92; 8.78] 3. S$=0.64 +2xn}jUf2.5+2rn},nc 7

#. Solve the following inequalities over

1. 10, 2] 2. R
lx 5'1*1'] T 5
S=\—, | 3=l—+2wn,-——+2ﬂn],ﬂéz
a) sinxé%_% .4 2. 4 : . ‘
1 S=‘0,E§U§%,2nJ§ SmJZﬁn,g—-!-Zﬁn!;U \%T—'+2qrn,2w+2ﬁn,n62
k) sinxéz 1. 61 s : :
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7n 1ix &' Iin
= ot = | 2 —— T
¢) sinxé—% 1. ‘S & 6]; 5 5 |6 + Zmn, — +2—m‘_
d} sinx <1 1. 8=10, 2} 2. 8=R

Py

a} FPor each of the following functions,
1. determine the value of parameter a.
2. indicate how to obtain the graph of the function from the graph of y = sin x.
3. determine the amplitude.

filx) =2sinx frx) = 2 sinx fi(x) = —sin x

r\fvE:!m—
EEE

La=2 I.ag=-1
2. Vertical stretch Z. Vertical reduction 2. Reflection about the x-axis
3. Amplitude = 2 3. Amplitude =% 3. Amplitude = 1

b} 1. From the graph of the function y = sin x (0 < x < 2x), deduce the graph of y = -2 sin x.
Explain the procedure. R
1. We perform a vertical streich of factor 2. '.y;k '

2. We perform a reflection about the x-axis of the resulting figure.

2. What is the amplitude of the function y = -2 sinx? __ 2

¢} What is the relationship between the parameter a of the function
v = -2 sin x and the amplitude of the function? _ Amplitude = qf
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4 Fnction y = sin bx

a} For each of the following functions,
1. determine the value of parameter b.

2. indicate how to obtain the graph of the function from the graph of y = sin x.
3. determine the period.

fi{x) = sin 2x F(x) = sin %x fy{x) = sin(~x)
Y ' v R 7
JVT
0f @ | }:x . 0
R ) B
. - - - 2 3 ==
2. Horizontal reduction 2. Horizontal stretch 2. Reflection about the y-axis
3. Period =« 3. Period = 4x 3. Period = 2=
b} 1. From the graph of the function y = sin x (0 = x < 4%), 4y

4

deduce the graph of y = sin [_}meJ. Explain the procedure. 1.._/\

1. We perform a horizontal stretch of factor 2.

¥
2. We perform a reflection about the x-axis of the resulting D o
figure.

2. What is the period of the function y = sin [«m%xJ? _ 4

¢} What is the relationship between the parameter b of the function y = sin bx and the period of

o = 2T
the function? _ Peried =1

D Function y = sir {x ~ h}

a} For each of the following functions,
1. determine the value of parameter k.
2. indicate how to obtain the graph of the function from the graph of v = sin x.
f(x) = sin(x — )

]

I h=nx I h= 27
2. Horizontal translation of 1 units to the 2. Horizontal transiation of% units to the left.
right.

216 Chapter 5 Trigonometry
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b} From the fraph of the function y = sin x (0 = x < 27), deduce the graph  vA

of v=sin|x — —%J Explain the procedure. ‘ 1'"7 N
We perform a horizontal translation of-gr units to the right. :

pg@ggg S@ggﬁ ——

by a Imrmm&& tmns]_at.zcm of
o th| units to the right it & > 0.
o || units 1o the leftif h « G

Stich a shitt of the basic function is called the phase shift.

k7 - v _
5 s ik *“3") g T N SiF
. . v = sinfa -5 ¥ = B
NG R
e ,.r"y -
o= BN X e
= The curve y = sin x is.phase shifted ~ The curve y = sin'x is phase shifted
Lhf units to the right. [/, units to the left. .

ANCTIV J’ \‘? oy Functmn v =sinx + k
Trém the grap
a} y=sinx -+ 1. b} ny]ﬂ.x—%.

h ofy == §in X (O x = Zw) deduce explamm% the procedure the graph of

%
Perform a vertical transiation of I unit upward. Perform a vertical translation of 0.5 units
downward.
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"o period: pr==

 SINUSOIDAL FUNCTION . y = a sin bix~ hl + k

furiction y = sin x by the transformation (x, y) — [% +h, ay -+ k} i

We have:

period: p = i ;amplitude: A = |a];

domain == [R :

7

range = |k — A, k + Al.

To draw one cycle of the graph of vy = asin b{x — h) +k,
. we ideatity the point (&, k), starting point of one cycle.

2. we draw.a rectangle with a

# The graph of the function v = « sin blx — k) + kis deduced from the graph of the basic

height equal to 2 A, twice the

amplitude, and a lengthequal to the period p.

3. we draw onie cycle inside the rectangle:

There are two situations depending on the signs of g and b.

ab > (
Increasing cyele imm the start.

Ex.: ‘Draw oné ¢yclé of the function

We have: a = -2; b i h =3, ke ]

e starting p(nnt thhe qd ( f
A= a2,

® A1 ]uud
P

=(3,1).

[ (ks

ab <
Pecreasing cycle from the start,

The dotted
% lines make
it easier

g touse .
\ ‘ symmetry
. to draw
\\\: 1\ the graph.

S

218

Consider the functions f(x} = a sin b(x — h) + k and g(x) = ~a sin -blx — h) + k.

Explain why the functions fand g are equal.

~a sin ~b{x -~ h} + k = —a[-sin b{x ~ k)] + k = a sin b{x - h} + k since sin{-t} = -sin 1.

Ehapter 5 Trigonometry
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8. Draw one cycle of each of the following functions.

a} ye=2sin %(x— =1
Sy
. 1__
¢

TR S S

b} v=-2sin g(x+§)+}.

[« B
Trsgarr?
R
ft
I
o
2
2
.
b
i
)
o

Y

e ol

A portion of the graph of the function

f(x)=~2sin mgn(x —1)41 is represented on the right.

a} What is the period p of the function?

b} 1. How many zeros does the function f have?

2. How many zeros does the function f have when

An infinite number,

p=6

X & [1, 7}? Two zeros,

¢} Justify the steps for finding the zeros of f when x € [1, 7).

1

2.
3.

4.

: -2ssn:;£(x-1}+1=0

T 1
sm-:;-(xml)wz

Tl - N =X s
n;;(x 1) 5 O3
x=150r

S
)=
x =35

We set f(x) = (.

We isolate sin b{x - h).

We solve the equation gin b =
knowing that @ = %(x - 1)

We deduce the solutions for x.

(ST
//;,

d) From the zeros of f obtained over {1, 7], explain how to deduce the zeros of flocated on the next
cycle, i.e. when x € {7, 13].

You need to add the period to each zero. The zeros over [7, 13] are 7.5 and 9.5,

e} Verify that the set of zeros of fis {...;~4.5;-2.5; 1.5;3.5;7.5;9.5; ...}
or {1.5+6n} U{3.5+6n},neZ

& Cuérin, éditeur ltée
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FINDING THE ZEROS OF THE FUNCTION SO =asinblx -k +k

To ét- termine the zeros of f(x) = a sin b(x — h) + &,

1. we ekt&b]mh the period of the function.
p= p=4

Ex.: f(x) = Z sin z(x - }) ~1

[M
2. we solve the equation f(x) = 0. 2 sin f%(x - 1) ~1=0
oo )
~ lIsolate sin b(x — h). s f'é(x . ]) =5
- Finfi the anglf?s. blx — h) over the interval Tx—1)=Zor Kx—T)= 5
[0, 27] that verify the equation. 2 6 2 6
4 8
— Isolate x. X=zor x=z3
_ Determig e ‘th_,?-‘.soluti.on set, taking the period Q- {4 n 4}1} U{ 8, 4}1}
into consideration. 3 3 }
&. The following functions have the rule f(x) = a sin b(x —h) + k.
Find the zeros of each function over
. the interval [k, h 4 pj where p is the period of the function.
Z the set of all real numbers.
a} f(x)=2sin ('x -2)+1 B} flx)=~2sinT Tl b+ —;—
sin %(x - 2)=:§/ sin %(x + 1} =‘:O.25’!;}
Z(x-2)=Tor Dix-2)= 11 T(x+1)=0.25 or I(x+1)= 2.89
x= 9 or x=13 x =076 or x=1.76

WI. 8 ={-0.76; 1.76} over [-}, 5]
2. 8={-0.76 + 6n} U [1.76 + &n}

1. S ={2 13} over[2, 14]
2 5=f{9+ I2n} {13 + 12n}

¢) flx) =sin2(x — ) + 1 i d) f( -6 sm[x +3)-

__r_‘_‘“\__ 7 "“’"'-\,.,,_,}5 7 e “'»,._, ‘,.-’l _ -
2(5(‘-—11’)1%?1?“:;. x+'~g-m~?67norxm+§=%'—
x=2" -l‘:;'=—3~0rx=3:

7 h h }{d o 1T 3=
I S=J——4— over[r 21-:] L S‘;r“g,?’: 099-"[ 2z
e} flx)=-3sinZx+6 f) flx)=-2 sm%(x—i— 2)+J§

,,,,, ~ fﬁw‘—" \5

sin mx =2} sin —(x + 2) =1g5"”

§(x+ 2;=%or.—g(x+2)=%ﬁ
1. 5=0 1. 8 ={0, 4] over {-2, 14]
2.§=-0 2.8 ={0+16n]u (4 + 16n)

220 Ehapter 3 Trigonometry
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2

7. Determine the zeros of the function f{x)= -2 sin - (x + 5) ml over the interval [90, 1501

w I .
sin E(x + 5) == by
—;'—z(x+5) %E r}%(x+5)=%£

x=8 or x=17

One cycle of the function f{x)= Zsin —é(x - i) +1 is represented below.
a} Determine wo
1. the period. 12 2. the amplitude, _2

b} Determine
I.domf & 2.oranf _[~1, 3]

3. the zeros of fover [1, 13], 8and 12

4. the zeros of fover R, [8 + 12n} U {12 + 12n) :

5. the sign of fover [1, 13], f(x) = O over {1, 8] U [12, 13] and f(x) 0 over[8 12]

6. the sign offover R fixi= Ocver I +12n, 8 + 12n]U (12 + 12n, 13 + 12n]
fix) = O over [B + 12n, 12 + 12n]

7. the variation of fover [1, 13]. frover[l, 4] [10, 13] and f » over [4, 10]

8. the variation of f over R. frover[l +12n, 4 + 12n]U [10 + 12n, 13 + 12n]

fyover[d + 12n, 10 + 12n]

9. the maximum and minimum of f, max f = 3; min f = -1

SWBY G$ TH§ FEENQ”H@N ﬂx) = aiﬁsm.bix h) + k

Ql‘«(ﬂ (x w251n ?{x - 6] +. } \’V@ have: . }t;L_
' _.'dom'f Rjran f - L ."ﬂ '_ S B e N
@ pcnodp amphtmcic A=2 T ,ﬁ\ R
& oh _

&
u:
4 TR
f{x}=0Uover .4 ......
- e “variation of f, |
f\iover;w + TN, -17 } '"thL; %234 T, —ij‘ L’ﬁ'n::..: L
:;:f /_'10\'7@1"1'523 - W?’f., %ﬂ ”1' ’]Tfﬂ;}

@ . mm f nmxf

© Gueérin, éditeur itée E.B Sine function 224




?. h(, pcnod Z the amphtude 3 thc rangc of‘the function.

a) fix)= 2sn T ( ~5)+3 """ b} flx)=3sn 12( )+ 5
), p=16 1. _P=%
7 A=2Z 2 A=3
3 ranf {1, 5} 3 ran [ = [2, 8]
) flo)=5sin Zlxc 1) 4 d) f0)=10sin 8x ~ T} 4
3 ik
1. P73 1. 3
2. A=5 5 A=10
3, ranf=[9 1] 3, ranf=[-6, 14]
8. Determine the mzt;al V’]]uC :;f the following functions.
a) flx)=4sin— (x + I) 3_-1 b} flx)=-2Zsin %(x — 2) +2 d3+2
¢) fx)m2si112(xm——)+4 2 d) flx)=3sinw(x+5)—1 -I

Q. For each of the following functions, determine, over R, the interval over which the function is
s pomtwa P

a) f(x) =2 sin ng-(x — I) -1 flxckh :
.1.........
Zeros: sin wﬁw.(xwlbm—l -
2 ] "
Tx-D=Zor Z(x-1=2 '
x = 2 x=6
Jlx) = O over[2 + 12n, 6 + 12n]
b} flx)=-3sin< (x+3)~+~ 3
Zeros: sin -gf(x +3)=1
= ==
glx+3)=3
x =~ -
fix} = 0 overk A
¢} f(x)=2sin . T) +1
3
Zeros: sm—[x —%]="f§~ ;.;C
1 2l _7n 1 _m|_ 1=
E[X’E}”s 0"3[" 2] 6
x =4n x =6n
flx})= 0 over —;—7 + 6T, 4T + 6’:‘“’1] U !617 + 6mn, 13—“ + 67m}

222 g%ﬁﬁﬁtef 5 Trigonometry © Guérin, éditeur ltée



1. For_each.of th{_ following functions, determine the interval over which the function is
dearcasmg

a) f(x)=sin ~§(x +4)+1 dans [-4, 2],

v over [-2.5, 0.5

b) f(x)=~2sinTx + 1 over 0. BEC N

fyover{g’ 2}U [6’ 8} 1,,.\

RN

TS

é. In an experiment, we define a function 1 which gives the electrical current across a cable,
expressed in amperes, as a function of time x, expressed in seconds. The function [ is defined
by the rule: {x)=4sin * (x +8)+ 4.

A light bulb lights up when the intensity of the current is equal to 6 amperes.

Determine at what times the light bulb lights up during the first 30 seconds of the experiment.
4 sin %(x +8)+4=6 The light bulb lights up at the moments

sinﬁ(x+8)=% 58, 95, 175, 21 s and 29 s.

T(x+8)=ZorI(x+8)= :’?165

X oo x =3

T 3. Inacompany, the number of parts assembled varies according to a sinusoidal function defined
by the rule: f{x)= 200 sxn(

beginning of the year.

4x} + 15 where x represents the number of days elapsed since the

Over the course of the first 50 days, for how many days was the number of parts assembled
greater than or equal to 1157

200 sin {24%{ +15=115
I
sin "Z“"EX E V
":?ng = 167— or TZ%X = éﬂﬂ During 17 days, from the 4th day to the 20th day, inclusively.
x w4 x =20
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__) Fmaang ths ruée y = asin ng ;Eg y
Comu ter thc f unguon f rtprcsented on th e right.

a) Determine

1. the period of f. 4 2. the amplitude of f._2 N
x
b) Determine the rule of the function f when we choose a cycle
starting at the point (h, k) = (2, 1).
]:Xpldm your procedura. Since the cycle is increasing from the
start, we deduce that ab > 0. =
p= ib{—‘gjlb! A=lal=2 .
Thus, fix} = 2 sin Ezr—(x—’ 2} + ¥ or fix} = -2 sin M’T {x -2} + 1
¢} Determine the rule of the function f when we choose a cycle 'y,
starting at the point (b, k) = (0, 1). e
Expiain your procedure: Since the cycle is decreasing from the A
start, we deduce that ab < 0. i} 1‘// \/ e
b= 2 lal = |

Thus, fix} = ~2 sin _g-x + 1 or fix} = 2 sin Jéﬁx + 1

d) Isit true to say that the writing of the rule varies depending on the chosen cycle but that all of
the resulting rules represent the same function? _Yes

=“Fr0m the graph of thv funct;on on the r1ght we 1educo that: 34 7
dal =415 and bl = .

The writing of the functlon Srale dep:_ﬂds on your chmu of the 1/
starting point (b, k of one cycfm . S A A

Consider two cases: R R 0
1st case: (h--k)::['- }

The. cydo is inereasing from the. start = ghiz 0, . vk
Thus, a = 1.5and b =2 or a - V:MESLmdb—m_ .
The rule is'written in two ways: . S A /

v = 1.53in 7[ 2] 4 Iorywlr:-i.SKJﬁan' 4]4' b

2nd case: (:k lg)_m (;?i'f ]

The cyc 10 is decreasing from the ata:‘t Caben, o S
Thus,a=15and b = -2 org=~15 and b2 I /\ (3"& \
The -rule J‘s-wu‘c{en in two ways’ T K/

R { ey fr:\ ¥ .
y= 1 Wﬁzrw*’{x—-«%’»} + T orys= -1.5sin 2!%. %J + 1 N I N \]x

izt

Note that the d1{{erun ways of w rmn; the 11116 represent the same-function.

224 GChapter 5 Trigonometry
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« Find a rule of the form y = a sin b(x — k) + k for each of the following functions.

a o e e b) g

For example, vy = 2 sin x + 2 For example, y = -1.5 sin ?%x + 0.5

i
4ar

For example, y = -1.5 sin —g-[x + jﬁ\g + I For example, y = 6 sin -—5—[;; +
i

4

T%. The waves of an artificial lake are observed in a laboratory AP
setting as indicated in the figure on the right. The graph (inm}
represents the movement of one wave where 1 is time, 14
expressed in seconds, and h{r) is the height of the wave, in
metres.

What is the height of the wave after 3 seconds?
{h, k} = (0, 6.5} h{t) = sin —Et +3.5; h{3) =~ 1.2 m

F6. Raphacl is playing with a yo-yo for 30 seconds. The height of the yo-yo, in metres, varies as 4
function of time ¢, in seconds, according to the rule of a sinusoidal function.
[nitially, the yo-yo is at its maximum height of 2 m. After 4 seconds, the yo-yo reaches its
minimum height of 1 m for the first time.
After how many seconds does Raphael's yo-yo reach a [VA T
height of 1.8 m for the first time? B
Rule of the function:

for example, v = -0.5 sin fx ~ 2} + 1.5.
4

(=3
P
¥

-0.5 sin %{x -2} +1.5=18
x =1.18. After 1.18 seconds, the yo-yo reaches a height of 1.8 m for the first time.

T%. The flashing light of an electronic game follows the hit) A
trajectory of a sinusoidal function as indicated in the graph  findm) e aw T
on the right. I t represents the time (in seconds) and h(f) e B
represents the height (in dm) of the light, determine at
what height the light is at the moment 1 =6s?

{h, k) =(1.5) y=—2.6sin%{x-1j+5

A=26 g=-26 . N

befn _2n _m At the moment t = 6 s, the light will be ] ; e
" p 6 3 at g height of 7.25 dm. (ins}

@ Guiérin, éditeur ltée 5.% Sine function 225




Cosine function

a‘i&\(jl,r‘u\wf*( T] Basic cgg&ﬁe function o

The basic cosine function, denoted cos, has the rule v = cos .

a) Complete the table of values below when t varies from —2% to 4x.

Plr)
3x Zi”i 41 ' ~

N x 3 5e
F B P B 7 0 5 T 3 2% 3
s I 0§ -1 L] i g ¢ -1 o I ¢

b} We have represented the function v = cos t on the
right. Is this function periodic? If yes, what is the
period p of the function? _Yes p = 2=

¢} For this function, determine
1. the domain. ___RE 2. therange. =1, 1]

3. the maximum. I 4, the minimum, -1

d} What is the amplitude A of the cosine function? 2

e} When t € [0, 2n], determine, for the basic cosine function,

k11

ki
1. the zeros. Z and z

l3
costz=0ifte

2. the sign. i

1

i T . ky

it I Iy oo w s = [Pt
0,2J 21-],(:03 Oxftelz, 5

3

3. the variation. €S> iftc [0, =n]; cos 7 ifte [, 2u]

f} Verify, using the graph or the trigonometric circle, the property: ¥ ¢ € R: cos (1) = cos (t).

* The cosine fimction, denoted cos, is defined by
cos: B —R
X e Y oE 08

® The cosine function is a periodic fanction with period 2.

¥

cos(x + 27) = cos x

e The amplitude of the basic cosine function ist A = 1.

226 Chupter B Trigonometry

in blue over [0, 2x],

Gne cyele of the basic
% cosine function is representad
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e We have: ‘
domain = R, range = [-1, 1.

zevos over [0, 2] fzi-an(i =T

(),Efu

sign over [0, Zw]:cosx = 0ifx ¢

2 Zﬂf and cosx = Qif x ¢ [}J %;Zl

P

™G

variation over [0, 2w]:cos ¥ ifx & [0, wi; cos 7 if x € [x, 2%].

extrema: max == 1; min = —|.

e For any real x, we have: cos{~x) = cos x. The basic cosine function is therefore considered to
be an even function.

|

|

T. Consider the function f(x) = cos x.

) ¥
a) Find the zeros of f when /\ / .
3w 2w 5w 7
0 "

-l D 2 D and L2
1. x&[-2n,4x]. 2' 22" 2'2 2
{--g--a-'n'n},nel
=

2. xR

b} Solve the inequality cos x

(O when

—Sw{ 70 ‘I‘T]U’ﬁﬂu’Sﬂ
2" 2

}' S=[Z§f‘i,_— LJL_

[ 2 2 | 2’2

1. X(:[__éit_ _S.It_
272 l o 1*:
i-—vv~2w+2nn,—‘—?—+2z:n2‘

2. xe R

¢} Find the values of x for which the function fis increasing when
1. x& [._Zrﬂ*} 4W]_ [, QY [x, Zr] 0 [3%, 4]

2. xc R, v + 20m, 27 + 2an), nc 7
#. The functions vy = sin x and v = cos x are represented on the right. vi
s ot o T
a} Verify that sin [x + —2—] = COS X. y=gosx o sinx
b} Complete. Y A
The graph of the function y = cos x is deduced from the graph T %
O}Ey = <in x by by a phase shift to the left of —E units. 4 ?

The function v
x € [-2m, 47l

a} 1. By referring to the trigonometric circle, solve the

equation cos § = % when 8 € {0, 2x].

37

o-[5.5)
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2. Explain how to ﬁnd from the solutions in 1, the solutions to the sin A
equation cos § = 5 L when

1) e 2—( 41—] Add the period 2w to each solution.

AN R f -2, () Subtract the period 2w to each solution.

an
NV

3. Verily that the solution set S to the equation cos § = % over R is described by

e 5:" _1-%7_5_, } (enumeration).

G {133 o+ an} U {5; + an“n} where n € Z (set-builder notation),

b} By referring to the trigonometric circle and using a calculator, solve the equation cos 8§ = 0.4
when
1.0¢10,2n].  S={116;512}
2.6¢ [4n, 6n].  85={13.73; 17.69}
3.8 R $={1.16 + 2:n} U {512 + Zan}, ne [

¢} Solve the inequality cos 8 ;‘z% when
AL
1. 0e0, 27, 571035V %2
o, =lo (5% 2nlu ]z 72| (22
2. 00, 4. s=0. 505 2e]u 2= 7 |u |1 e
3.0 R, S=EO-§-2TH,3+2ﬂﬂ]b{%~+2wn,2w+2wn},nél
- s Egﬁmm% cos b= = ks

o When0 e [0, 2], th{_ e quauon cos 0 = k yields 2 soiutzons {% and UZ A

0, = cos™! k and 0, = 2% — 0,

o When 0 R, the equa‘mon cos b= b yields an infinite number of solutions.
The solution set S.is defined in set-builder notation by

S={0, + 27(11} U 5 ')2 4+ 27n} wherene 7

o Ex F}le equation cos @ === h&s the soiution set;

o

Gl [m o
- ~Sm {6, 5 }WhenBGLO Z'“r[ _

F. Solve the following equations over

1[0, 2] 2. 2w, 4] 3R
= = 13w 23w p 1t
a) cosxﬂ[g 1. {E'T} 2. {TT} 3 {3+2wn}u{?+2“"}’"ez
2
b) cosx=1 1, {021 5 {2r, 4} 3 {Zxn)nel
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3w 57.'}

iy I3w 3n B i
C) cosx:-;{i— 1 {?,? > {T’T} 3 {T+2ﬂn}U%-(j&+2wni,n€Z
2

d} cosx =06 1. {0.93; 5.35] 7. {7.23; 11.63] 3. i{J:.QS + Znj U {535 + Zrnl,nc [

Solve the following inequalities over

1. [0, 27] 2R
_J_ ’0, U[II'" 21“1’] 2ﬁn,3+2wnluggfi+2wn 20+ Zun
@) cosx;ﬁ_; 1. 6|76’ > s g ,
b} cosxs% 1. 873 7 g T 2mn, o+ 2un
2% 411'! ._2...3 N 3
¢} cosx < -+ 1 “‘"3%’ 2 5 3 t2mn, ot 2mn
S 2 > . .
d) cosx =1 1 10,27 L

Consider the functu)n y == 7 cos “{x — 1) — 1

v
a} Identify the parameters a, b, h and k. e
.&.'E_-
a=29b=3,h=1,kﬂw1 N
2 o
o 1 -

b} For this function, determine A Sy A
1. the period. 4 2. the amplitude. 2

¢} Draw one cycle of this hunction using the point (h, & + A} as the
starting peint.

mmm SINUSOIDALE =a mg'm Bk

!

fanction ¥ =-cosx by the t_élfd_nsfo;fnmtmn [, 3;)::_; UZ -k ay o+ k}
& We have: '

e Fhe g,mph of the fumtmn y == acos b~ h) + ks deduced from thé %rlph oé thc basic

period: p == —,25’1 ; amplituice

* dorhain == = [} |
Eoorange =k~ ALk Al

e To draw one cycle of the g,r1ph of y = dicos o ) -k,

1 Awe identify the point (k).

2w draw a re Ltangh* with a ht 1;l1t € qudi to ZA twice the
- amplitude, and a length e qual to the pe rlod p

3, we draw one cycleinside the re Lmng,k
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There are two situations depending on the sign of a.

a > @ <
Decreasing cvcle from the start Inereasing cvele trom the start
Starting point {1,k + AL Starting point: (&, kB — A}
;

Ex.: Draw one cycle of the function
ymWZCOS:ﬁL(x%B)%]' y?:-_ :

4 : a<0

We have: a == -2 b = —"-"g%, o= 3, k=1 '

_ . Bl | _
- starting point of the cycle: (h) kb A) =(3,-1). 1-- 1 [ O SOV P V-
!

- amplitude: A = la| = 2, A7

1Tx

- period: p= lebiY = 8. Start

B. Consider the functions f{x) = acos b(x — h) + k and g(x) = acos-b(x — ) -+ k.
Explain why the functions f and g are equal,

a cos ~b{x - h} + k = a cos bfx - h} + k since cos{-t) = cos t.

6. Draw one cycle of each of the following functions.
a) y=2cos 5(x~ 1) -1 by y=-2cos3lx+1)+1

<) y:3c052xwgJ+1 d} v=-2cos~{x+mw)+1

f-]
ETEUN N
e A
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,.Af“u‘J | 'lfﬂ ’ﬁ‘» Fmﬁmg ﬁa@ 2610S @§ the ﬁm@mn y = g cagbéx h? + k

A portion OF the graph of the fumtion f{X)“*“Z cos g( x—1)+1 is
represented on the right.

a} What is the period p of the function? __ 2 =6

b) 1. How many zeros does the function f have? An infinite number.

2. How many zeros does the function f have when x € [1, 7]?
Two zeres.

¢} Justify the steps for finding the zeros of f when x € [1, 7].
1. WZCOS%(%VI)-{M}KO We set flx} = 0.

!
2. COos %(x — }) = We isolate cos bfx - h). : P(ug)
We solve the equation cos 0 = ' N

- 57 v

. — mmn e " 3

3 or ¥ = 1)="3" 1 owing that B=Z(x- 1) \\ﬂ d 1
p(§1]

Tlx—1)=
4. x =72 or ¥ = 6 We deduce the solutions for x.

i

o
Sy

]
=

d} From the zeros of fobtained over [1, 7], explain how to deduce the zeros of flocated on the next
cycle, i.e. whenx € [7, 13].
You need to add the period to each zero. The zeros over [7, 13] are § and 12,
e} Verify that the set of zeros of fis {...,-4,0,2, 6,8, 12, ...}

or {2+ 6r}U {6+ 6n},nel.

a LOS b(x M[

mms THE ZEROS OF THE wmmm fm

Io dc‘u rmine thc veros o:ff ) =0 c0s blx — h) + k, Ex.: f(x)=2cos E(x - 1;) — 1}'
T we ¢ st& hlish thc period b of th( fumtmn
R LU : - p':':':: '4
P 1 E

2. wesolve thc equzt‘cicﬁ f(??é):f: 0.

- Isolate cos blx ~ h).

~ Find the angles bx — h) Over, thn interval
[0, 27] that verify the equation,

= 1&0] ate x

= D(tc rmine the solution set t ﬂ\mgj the period
mto cmmdc ration. :
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The following functions have the rule f(x) = a cos b(x — k) + k.

Find the zeros of each function over
1. the interval [k, hi + p] where p is the period of the function.

2. the set of all real numbers.

a) f(x)

:ZCOS%(x—Z)JrE

i =1
cosg(x—.?)— 2

k3 4z
"8“( -2)-"mm'—(x—2}—T

x=6 or 1a
i. 8={s, 10}

2 8=[{6+1Z2n]j {10 + 32n]

¢} flx)=cos 2{x — =) + 1

cos Zx ~n}=~1

ZHx-n)=m=

X =

2

1.5-|%|

2 8= 4“5“4'17“]

e} f(x)=-3cos i}x+6

o
cos4x—2

1.8=0

2. 5=0

b} f(x)m—Zcos-;i(x_;_l)#g%

B f

w o =
cos —é—(x - 1)

w;w{x +1}=1.32 or %(x + 1) 4,97

x = 0.26 or X =

3.75

1. 8= {0.26; 3.75)

2. 8=[0.26+6n} ){3.75 + 6n}

dl flx)= Zcos[xk ] V3

v _ 3
COSX-E-zJ— 5
¥+ 2T opx+ZoiIn
2 6 2 6
1 At
x=—"§~ar x=-§~
- 4n
Ls=| 3
= i
2 5= '§*+21Tn}u e e By

%(x+2)=%lor%(
Sn
—E(x+2j=~? rm(x+2)=—5j;1
x =4 x w8
1. §={4, 8]

2. 5={4 + 16nf (8 + 16n}

€. Determine the zeros of the function f)=-2 cos 75 (x + 5) —1 over the interval (66, 126].

232

cos —f:?—(x+5}=-%
12(x+5) %Eor—l%{x+5)=féﬁ
x=8 or x =11 B

The zeros over the interval [66, 126] are 75, 83, 99, 107, 123.

Chapter 5 Trigonometry
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One cycle of the funchon f ) 2 cos —5(% — ]) +1is represented beiow.

a) Determine Yh
1. the period. _ 12 2 the amplitude. _2_

b} Determine ‘ T
l.domf® 2 qanf 1.3 T+ e ST s B
3. the zeros of fover |1, 13]. Band 9 i //-t} : -
4. the zeros of fover R, {5+ 12a} 19 + 12n] ' . '
5. the sign of f over {1, 13]. fix)= 0 Over‘ﬁ 51U [9, 13] and f(x} < 0 over [5, 9]
6. the sign of f over R. fix)= Oover [l + 12n, 5+ IZn]U[9 + 12n, 13 + 12n]

fix) = 0 over [5 + 12n, 9 + 12n]

7. the variation of fover [1, 13]. f> 0 over [1, 7 and f » 0 over {7, 13]
8‘ the Varéati()n Offover LI@ fN 0 over [I + 12!’1, 7o IZn}' ﬂﬂdf 2 O over [7 + 12“, 2+ 12”}

9. the maximum and minimum of f. _meax f = 3; min f = -1

=
| ?5'&5@\5 ﬁ? ?HE Fﬁﬁ@“ﬂ@ﬁ
' Gsven f();) w2 coig Z{x - 6}+E,We have:
e dom fe R ran fe -1 ]
e period po= T, 3mphtud< =27 -
3 =
® zeros of f: {—é +mﬁ} U{wt i} O
¢ sign ol f.
flx) = 0 over [; + n, f— + mz} U i’ﬁ" o, %3 + Al
f(x) *O 0\(1* B %’]U’l, TH rnJ
e V‘c‘xﬂ:ditl(}ll 0‘( f.
Cf A over ’—‘ + T, + "ml v over-igﬂf-- + 7, 25 4
- € 3 g
o il {*}%xf =3
8. Tor each of the following functions, determine
1. the period, 2. the amplitude, 3. the range of the function.
a) f(x)=2cos 2 {x~1)+5 b) flx)="5cos4(x+2)~12
8 !
1. P73 . P72
2. A=2 > A=5
3. ran F=1[3 7] 3. ran f=[-17, -7}
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9. Determine the initial value of the following functions.

a) f(x)chos%(x+])+i z b} f(x):ScosZ(x—;]+} -4

T 1. Determine, over B, the interval over which the function f (x)==cos 7}(% + 2) + 1 is increasing,

J 7 over [2 + 8n, 6 + 8n] YA

b
A

T2. Determine, over R, the interval over which the function f(x)= 2 cos 33_‘,(% — 3) 41 is negative,

. Tl gL W
Zevos: cos 3{x 3) 3 ﬂx L
Ty m 3= 2T o Ty = 332 35
3(x 3) 5 or 3(x 3 3
x=5 or e =7 e

fix}= Q over[5 + 6n, 7 + 6n] ¢

0, L N/

TZ. On aboat, a sailor observes the movement of the waves while on a sailing expedition. The
height of a wave (in m} can be expressed as a function of the time (in s} since the start of the
observation by the rule;

h{t) = 2 cos -g«(t —4)+1

The sailor observes a wave for 30 seconds. Determine at which moments the wave will be at
a height of 2 metres.

2c03%(t-4)+1=2

cos%(t-éﬁ_}m—%
T =T oor By gl 2T The wave will be at a height of 2 m at the moments
6{_ )_303'6{““ '3 t=2s5, t=6s t=14s t=]18sandt=26s.
t=6 or t =14

acosblx -ht+ I

Consider the tunction frepresented on the right.
8) Determine
1. the period of f _ 4 _ 2. the amplitude of . _ 2

b} Determine the rule of the function f when we choose a cycle
starting at the point (h, k + A) = (0, 3).
Ex.plain your p;ocedure; Since the cycle is decreasing from the
start, we deduce that a > 0. Thus, a =Z and k = 1

¥

= =0
p-—4zﬁ>|b§ 7

Thus, f(x} = 2 casng + 1 or f{x} = 2 cos -_-g-x + i

,,,,, VA
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¢} Determine the rule of the function f when we choose a cycle
starting at the point (h, & — A) = (2, ~1}.
y=-2 cos%{x -2y

=¥

d} Write the rule of the function in the form v = a sin b(x ~ &) -

For example, y = -—23!’:’;321(}( - 1)+ 1

Irom the glaph oi the fancﬂon on the right, we deduce that: 3
la| = 1.5, 1bl = 2 and k = 1. ‘
The writing of the function’s rule depends on your ¢hoice of the

- starting point of one cycle.

Consider two cases:
1t case: starting point (1, -+ A) < (1,25 Hw
The cycle is decreasing from the start = a > 0. 1Sy
Thus, a=1.5andb=20ra=15and b = -2, 'TH'.j‘ R / i
The rule is written in two ways: oz A4 N
y= 1.5 cos L,[x— -2_] + lory=1.5cos J[x mmzj)flu I.
Znd cases starting point: (b, b — A) = (T ~{), ) y,; ‘V
The ‘eyele isincreasing from the start =» a < 0. s
'é.é’rjmc, dom it Sand b= 2 ora=-15 and [ b X o N
The rule is written in two ways: | e S VAP
. Ay S—

yo= 1.5 cos 2x - 7))+ Lory=-13cos-2(x — =) + 1.

Note that this functio{l can be described by a rule written in the form y = .a sin b(x — h) + k

For example; y = 1.5 sin Z[x - m] +1.
Thus, any sinusoidal function can be described by a rule written in the form

v = asin b{x — h)+}'<ory—~acosb(x = k) + k.

8.8 Cosine function 235
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4. Find a rule of the form y = a cos b(x — h) + k for each of the following functions.

a) e . By oy

For example, vy = 2 cos 2{3; + T(E] For example, v = -6 cos %{x +8+ 2
')

5. The populations of two neighboring villages A and B vary according to the model of a
sinusoidal function which gives the population P of the village as a function of time , in years,
since the year 2000,

In the year 2000, the two villages had 3000 and 2500 inhabitants respectively.
The graph on the right shows the progression of the 4 -
population of each village. '

Village A reaches its maximum population of 4125 after
2 years and village B reaches its minimal population of

1000 after 3 years. -==-1-q00~ o
What will be the difference in population between these — 0] | E
two villages in the year 2005? : -

Rule corresponding to village A. Rule correspond'iﬁcj“to” vfﬁdge B. B

th, k} = (G, 3600} th, k + A) = {0, 2500)

A= 1125 A=750

= 57 - o b= =6 = b =

p=8-x5b 4 p——ﬁ-vbw?

v = 1125 sin -g—x+3000 v = 750 cos §x+1750

In 2005, y = 2205 inhabitants In 2005, v = 2125 inhabitants

The difference in their populations will be 80 inhabitanis.
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Tangent function

G N W&sm iaﬁgm function

The basic tangent function, denoted tan, has the rule Yy = tan L.

aj Complete the table of values below when ¢ varies fror

)

d)

f)

11 e EO e
Z

3w

37
2

3% S I G L 0

PR PRl L A B R

x
2 4 ' 4 Z 4 z

iR

3

4

N

.

tans 1[0 I -1 i 0O

- X

Explain why tan t does not exist when t = Z.

. 2
tan T =03 1 pivision by zevo is not defined.

2 €os 5 4]

We have represented the function y = tan t on the

right. Is this function periodic? If yes, what is the

period p of the function? P

The graph of the tangent function has vertical
asymptotes. What are the equations of the tangent

function’s asymptotes when

T w
? -“"—'-"“—é—al’ldt:"—?'

1. the domain, ___ 12" 21 2. the range.
tan t = 0 xf-—— <t<0andtant =

H

O!fa“t<"§

3. the zero.

~¥

4. the sign.
tan A if k< ‘_E, EJ
5. the variation. 2z

Does the basic tangent function have any extrema?

No

msa@ TANGENT Fﬂmmm L

The mng,mt function, de nou d un is dcfm@d by_

tan R SR

Xy = fan

The basic tangent function is a periodic function:
with period . :

tan{x + w) = tan x

The tangent function has an infinite number of |.

vertical asymptotes with equations:

x=5 bwn(ne )

Note that the distance separating two consecu-
tive asymptotes is the period .

© Guérin, éditeur Hée

““Bne cycle of the basic
tan function is represented

in biue over |5 %1

El

-

st

E\J[ﬂ

B e s o -, . 10 A Uk A i e e o w2

B oW D PP N R SR gt

i
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»  We have:
—~ domain = R\ {321 + T n}; range = [,

0.

— ZEero over LJZ
i

N
E\)%‘i

1

~ §ign over J__._m tan x = O;~—i<x < Oandtanx = 0 if0 = x <

a3

272

ks

variation: tan » over

extrema: none
¢ For any real x, we have: tan (~x) == ~tan x. The basic tangent function is therefore considered
to be an odd function,

f

T . Consider the function vy = tan x.

a) Find the equations of the asymptotes when

~TT n
1. xc ]___ i ) and x = %

1w

2

’ 2
2. xeR. ®
b} Find the zeros of f when

1 oveld ] o

202
2. xeR. foj, ne Z
¢} Solve the inequality tan x = 0 whe;n
[ mrEan 3“‘ ™ 5
1. L‘CE'___3_"1§£‘ -ﬁ’-?l 1’2[ | ' 2. xR wn,§+ﬂnl
272

The function v = tan x is represented on the right when

3x 3n

T2 2l
a} 1. By referring to the trigonometric circle, solve
the equation tan § = 1 when
Tl §={Z
=3 LY 7]
2. Explain how to find, from the solutions in 1,

the solution to tan € = 1 when

X«

~¥

T 3,,“‘ Add the period « to the A tan
[) 6e 27 solution.

1
2) e F—%’E, ——%i Subiract the period « from the sclution.
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3. Verify that the solution set S to the equation tan 6 = 1 over R is described by

: } (enumeration),

g _{ I 3w 5no9n
B 4 ? 4 I} 4 4‘ 7 4 5
or §e {Z;{ o+ qm} where n € Z (set-builder notation),

b} Using a calculator, solve the equation tan 6 = 2 when

- 1.11 3 Snf 7.39
I. 6e 2. 8e 3 {

T W

2 when

¢} Solve the inequality tan 0 =

3. OER 1.1l +7nm

¢ Whent e Jég-,

0, = tan~' k

The solution set S is defined in set-builder notation by

S = {0, + mn} wheren e 7

Fix.: The equation tan b :ﬁ has the solution set:

~ 8= {}:} whenf €

— 5= {:‘;% ':m} when el -

323[ , the equation tan 6 = k y’ields one unique solution -

¢« When 8 ¢ R, the equation tan 6 = & yields an mﬁnlto number of solutions.

@. Solve the following equations over

1L 2. |53 3R

a) tanx:lgi 1. S=[% 2. S=Z§I 3, S”[%{W"
by tanx=-1 1. S=!-%} 2. 5+ %:; 3. S={ “EtT

¢} tan x = —4f3 1. S=l'%} 2. 8- %1:} 3, 8= [_%Mm}
d) tanx =5 1. S ={1.37} > §={45Y 3 S={137 +un}

© Guérin, éditeur ltée
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. Solve the following inequalities over

[ 2. R

J S:{E,EI Sm{i—i-ﬂn,ié-wn%
a) tanx = 3 1. (8”21 2 4 ? {
! I ! :

Sw - I S=Ztan T +an

by} tanxﬁw‘/g 1. 126 2. f] z e T
S=]“E,—E]; S=|~=E+ﬂn,—ﬂ+1m

¢} tanx = -] 1. P20 4 2. |2 4 :
§ = mE,EJ S=~Z+an, T +mn

d} tanx=-3 1. 32 2. -7’3 z |

a} For each of the following functions,

1. determine the value of parameter b.
2. find the period p.

a = tan 2x b = tan (—2x)
¥y ¥ J
1oAY : : Y S '
| i : : : i '
i i i H ] 1 {
§ i i § ¢ { {
i 1 [ 1 i | [
| T ¥ - 1 iﬂ T 1 -
YA LNV N K
3 t H 3 H 1 ]
E £ 1 t i t ]
i ; 8 3 i £ f
t 3' § 1 ] 3 i
I.b=2 2p=ng- 1 b=-2 2p=§
<} y:tan—;—x d) v=rtan [»~~x]
: Ay | ! Ay |
f | | E i 1
t 1 i ¢ ! !
1 1 ! ! ! 1
1 1 1 : : :
5 e — N e
| i L s & :
! 1 y ! ! !
| 1 ! : : :
: ; : 1 i 1
I.b=% 2.p-2 1.b=" 2 paz
b= p = 2w b=y g 2
s

P =

b} What is the period p of the function v = tan bx?
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A@ fu\vu:

aj Consider the function v = 2 tan %(x - ;) + 1.

1. Identify the parameters a, b, h and k.

2. What is the period p of the function?

le

b} To determine the equation of an asymptote, solve the equation b(x — h) =
1 b

\ . x-Zl=E e 2T
1. Find the equation of an asymptote. 2 2”2 *

The period p = 2=n.

2. What distance separates two consecutive asymptotes? _

¢} In the Cartesian plane on the right, the point (A, k) has been E 4. E
located and 2 consecutive asymptotes are drawn. i ;
Complete the following table of values and draw one cycle of the ‘:‘2_ 1
function. o ; .

Yo 0/ 4 i
_E X 3% R A% *
X 7 O 5 { “2" : 2 E
v T3 - o
.. TRNGENT FUNCTION v = atanblx-hl +k

¢ The graph of the function y = a tan b(x — h) + k is deduced from the graph of the basic
function v = tan x b‘y the transformation (x, y) - [% + h, ay + k}

e The function is periodic with period:  p== @E

e The function has ai infinite number of vertical asymptites.

- To dutermme the equation- of an asymptote, we solve the equation blx — ki) = =
- E qumm of an aaymptme x = h«%’ or x=h ah A __{ b= bk L
- Y I e
- 'I He dlstancc scpamtmg tw s consecutive asympto’ccs i Lqual i :'k k g
to the period p.of the function: RELA
A

¢ To dmw one ayde of the function y = atan bloc=~ k) +k, Y | ] S
L. we locate the point (h, k). R A
2. we draw .,'ua} distance from the poirit (h ky two consecutive | Lelid

dsympmu s ' -
We have two possibie situations depending on the signs of ¢ and b
ab - AR ab < O
increasing function Diecreasing function
yi:ii YA : ;
. ] i
i P
; : ;2 }c
i
! L} :
) ! E P
i o \: x
] t -
H ]
I [
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€. For cach of the following functions, determine

1. the period.
a} f(x)=2tan —Zf(x - 'I) +1

2. the equations of 2 consecutive asymptotes. 3. the domain.
b} ﬂ@:F3mw%u+2%5

2ot |3
24 ,‘.,f=_iandxwg Z xm:-ifl;andx.______%
i -5 3 1
3, M3+ aal 3. T\E\[T+~2~n}
. Draw one cycle of each of the following functions.
a) flx)=3tan{x+2)-1 b) f(x)

&. Determine the zeros of the following functions over .

a) flx)=-2tan Xz~ 1)+2 b} flx)=3tanl(x+2)+3
tan -gw(x-lj=1 tan%(x-k?):-m#‘g
%(x-1)=£~ J;f(x+2)m—%
=2 x=-2
2 2

ZETOS: g— + 6n Zeros: -——g— + 3n

Determine the initial value of the following functions.

b} f(x)=3tan %{x - ;‘) +2
-1

a} f(x)=3tan %{x + ;) -1
2

€. Determine the interval over which the function f(x)= 4 tan %(x — 1) + 4 is positive.
zero: tan —Ew(x 1) ] ftx) = 0 over the interval [0 + 4n, 3 + 4nl.
He1- 3
x w3

2tan~g}%{x+4)—}.

8. Determine the variation of the function f(x)

The function is decreasing over R\[~] + én] since ab < 0.

242 Chuapter 5 Trigonometry
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Triconometric identities

ﬁrw 1Yy WJ “E’E&gammeﬁm eﬁentmeﬁ

Comldu“ the trigonometric point P(¢) and the r1ght tﬂaag]e OPC.

a} Prove the identity sin? t -+ cos? t =
Since m}P = I {radius of the unit circle},

We have: sin t = mCP and cos t = m0C.

Since m&ﬁzwb m(-):ézw mﬁﬁz (Pythagorean theorem), we deduce that

sin? t +cos® ¢t = 1.

b) Justify the steps proving the identity tan? t + 1 = sec? &.

sin ¢

4. tan?t+ 1 = sec®t tant =
cost

ana’sect=cl

Steps Sustiflcations

1. sin? t+ cos?t = | See a)

5 2 I 2 t “
2. 2 +2cos = 12 Divide each side by cos? t.

cos” f COs” ¢
3 sinft | costt 1] a+b a b
. T Apply the property: 222 . % 2
costt  cosft  costt c ¢

oSt

¢} Prove the identity: 1 + cot? t = csc? &

- .
32y sin” t +cos” ¢ i
sin? t +cos® f =1 = =

sin? t sin? ¢

=1 + cot? t = csclt.

d} Consider the trigonometric circle on the right and the right triangle OAC,

— A
Justify the steps showing that m0C = sec . 5 0 /” c
Lt
steps Sustifications P
g ] ]
1. mOC =m0A + mAC Pythagorean theorem P N
i AT
mz e —
2. mOC =14 tan?t miA =1 and mAC =tan t
o)
3. mDC =sec?t 1 +tan®t =gec? t (See b)
4. mOC = sect Consequence
e) Refer to the trigonometric circle and right triangle OBD above to show that mOD = csc &,
mOD" = m@2+ m@z {Pythagorean theorem).
mOD = 1% + cot? (m% = 1 and mBD = cot t}
mOD’ = csc? t {See ¢)
maﬁ =cge t
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| ﬁSE@ ‘?R%@N@ME?QE@ mmmsg

n"a()fr"{ == CO§ I, rsuf*} = gin t, / 3
I : e F§ D

mAC =tan ¢, mBI) = cot ¢, e A

mOC = sect, mOD = cse 1 h

s 1st basic identity:

A cos

sinf t 4 cos? = 1

s Other basic identities:

1 + tan? ¢ = sec? t 14 cot?r=csc?t

T Verify the three basic identities when ¢ = —E

2
em_{1Y {J&'} i 3
2 z
m+ ..._=_—‘E+—___ =_+......m
sm6cosﬁl2} 12 p 41
s 2
2w 3 i 4 T b ¥ I 4
I+t n2w= +[£}=1+_=_; 2 e = e
s 1 3 3 3 %% cos® L (”’?‘ji’ 43
2
1+cot1“=1+{-§-]=1+3f4,csc23”“**;§w“m{?=“f—=4
¥ ) sin® & (%) i

2. Using an angle measure t of your choice, expressed in radians or in degrees, verify the three basic
identities.
Various answers.

Z. Use the appropriate basic identity to calculate

a} sint, knowing that cost = ~53~ and 270° = t < 360°.

in?t=I-cos?t=26_ ging=2L
sinct=1-cos“t 55 v sint E

b} cost, knowing that sint = 4 9 and 90° < t < 180°.

81 -9
COS t=1 Slﬂ t—mi’SQCt-—KE

¢} tan {, knowing that sect "“"Z;L and 180° < ¢ = 270°.

p g 3
24 = 2 g = L =
tan* t = sec® ¢t - 1 i = tan i y

d} cott, knowing that csct = *“S“ and 270° = t = 360°.

25 -5
it =ecsclp - = 22 =
co c 144:>cott T8

e} sect, knowing that tant = E% and 180° < ¢ = 270°,

2 2, _ 625 25
sec?t =1 +tan? t = 2=2 = et
576 S€¢ =g

f} csct, knowing that cot t = % and 0° = t < 90°,

Csczt=1+cot2t=%—5:‘>cott=w
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&. Reduce the following expressions to a single term.

. 2
a} 1 —sin®r cos” I b} sec?t— tan?t 1
€} cot?t— csclt -1 d} sinrsect tant
e} tanx-cscx sec x f} {1 — sin? x) sec? x 1
. 2 .
a) (1 + tan? x) sin? x tan® x h} csc? x(1 ~ cos® x) 1
i} (sec?x — 1) cot? x 1 J1 csc?x — cot? x —sin? x cost x_
B. Express cach of the following trigonometric ratios in terms of sin x knowing that 0 < x < 321
Sln X
a) cosx__ yl-sin®x by tanx __Ji-sin’x -
.JI - sin® x ._1—._
¢j cotx sin x d} secx  ¥i-sintx
e Ifsint= 0.6 and * st deduce the other 5 trigonometric ratios.
cost =-0.8 mm:-—‘z cott = —= sect = -2, esct = 2
+ 47y 4 E g E .
7. fcost = % and 3—;— <t = 2%, deduce the other 5 trigonometric ratios.
5 -5 _-iz _13 _-13
sma‘:-—13,t¢mt Iz,cott— 5,sect csc b= 5
8. frant= -ﬁ— and 0 = r < g“ deduce the other 5 trigonometric ratios.
5 a4 3 4 5
Sect-—z,costw5,smt-5,cott——§,csct 3"
. feotr= %% and %T‘_ =t = 2n, deduce the other 5 trigonometric ratios.
e £ SN 4 - - —i2 - 33
csct—jz,smt-—m,cost—m,tunt 5,sect-5.
28. Simplify the following expressions.
a) sin®x eos’x 2 b) ltmn’y tan? x
1—cos?x 14 cot?x
<) sec’ x —tan’x sec? x d) sec’x -1 cot’x 1
1~ sin?x csc?xosintx
T 1. Simplify the following expressions.
a 1-cos’x tan? x By Lt tan? x tan? x
1—sin?x 1+ cot?x
_ 2
¢} (1 4 secx){1 — sec x) -tan®x d} ose? x — cot? 2 sec?x
cos* X
R 2. Perform the following operations.
aj 1 1 2 sec? x
I+sinx  l~sinx
2
COs X COS X
e 2
b} secx+1 0 secx—1 fanC.x
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Jus’mf‘y the bteps \'\fh](,}l prove the identity: sin x + cos x cot x = csc x according to the f{)ﬂowmg

procedures.
ist procedure: Transform the left side using algebraic manipulations to make it identical to the right
side.
Stens Sustifications
SN x -+ Cosx Cotx = ¢5C X
1. sin x -+ cosx » 2% = csew eot x = C05X
sinx Sin X
fn 2 ar 4 el
Z. % = C8C X Reducing fo ¢ common denominator.
S
3. .i =(CSCX sin? x + cos? x = 1
SNx
4, CSC X == CSC X _I =¢8C X
Sin X

2nd procedure: Transform the right side using algebraic manipulations to make it identical to the left

side,
Steps Justifications
sinx +cosxcotx =cscx
1. sinx + cosx cot x :_,}m csex =2
S sinx
. 2 encd
2.sinx +cosxcotxy =IEXTOX I =sin?x+cos?x
S
2
3. sinx + cosxcotx = siny 4 2% Divide each term by sin x,
sinx
. . z
4, sinx +cosxcotx =sinx + cosxcot x OF X = cosx - 28X gnd 22X i« ot x
EINX sinx Sinx

 PROVING A mmmmmm, mmm

To prove an identity, we mmplzf; ofie 91(:1@ (usudﬂy the more compie}c szde);
to the other side. The alg&brau m‘:’{l_.p.uﬁla_tu)m used consist of :

— suhstituting expusws(ms by other kn’cw\m identities,
< using the definitions of. the ‘cﬂgpﬂomctrxc ratios.
o multiplying or div 1dm;r by the same trigonomietric expressior.
' - factoring. _ .
— reducing to a common denominator:

Ex.: See activity 2.

to niake it identical

246 Chapter B Trigonometry

© Guérin, éditeur ltée



T 2. Prove the following trigonometric identities.

a) cot’ xsin?x + sin’ x = 1
cos? x

- -sinf x +sinfx=cosf x +sinf x = 1
sin? x

cof? x sin? x + sin? x =

} cselx + sect x
i - 1

3 e = gin® x 4 cos® x = §
Cseo x secc X

z
f} 1+ tanfx

= tanx
cot?x 1

2 2 o2
+
f+rtan®x _ sec? x _ sin % o tan? s
coifx+ ¥  ese?x  cos?x
el
COs“x - tanx
dy SEEITERY o costx
cot x '
2 2 i e sF . i .
LosTXraNX _ g CON X SMASMX _ - gin? x - 1 = sin® x ~ {sin? x + cos? x} = ~cos? x
COot X COS X ° COS X
secx
} —1=tanx
Cos x
2 12
secx _ g i 1 I-cos®*x  sin?x tan?
S e = — - £ - = fgn~ x
cos x cos® x cos? x cos? x

f) (1 +cot?x) (1~ cos?x) =1
2 sin? x

2 2 o} e 2 .
+ . - o
{I + cot® xH{I ~ cos® x) = ¢s5c” x - sin’ x e

gl 2cos’a—~1=1—-2sin’a
Zeosfa~1=2(-sin?a}-1=2-2sin“a~1=1-2sina

h} tan x -+ cotx = sec x csc x
tan x + cot x = Sinx  cosx _ sintx+cos?x 1 =1 . 1 _secxesex
COS X sinx COS X Sinx cos x sinx cosx  sinx

T4. Prove the following trigonometric identities.

a) secx — Cosx = §in x tan x
sinx _sin®x I-cos®x I cos® x

sin x tan x = sin x - il = = - =SecCx ~ COS X
€08 X cas X COs X COS X Cos X

b} I+sinx . _Cosx

COS X 1—sinx
l+sinx (I+sinx}I~sinx}  1-sinfx cos® x _ _cosx
cosx  cosxfl-sinx}  cossx(i- sinx}  cosx{(l-gsinx) 1-sinx
a2
¢) X 14 cosx
1—cosx
sin? x - I-cos?x - {1+ cosx}{I~cosx}) =1+ cosx
I-cosx I-cosx ¥ -cosx

d} (14 tanx)? + {1 — tan x)? = 2 sec’x
(T+tanxP +(I-tanxPP =1 +Z2tanx +tan®x + 1 -2 tan x + tan? x = (1 + tan® x} = 2 secf x

e} (1 +tanx){l —tanx) — {1 + cotx){1 — cotx) = E_%Eszff_&
Cani™ X

(1 +tan x)(1 - tan x}- (1 + cot x}(I - cot x} = ¥ ~ tan® x - (I - cot? x)
I-tantx

- tan? x = :
tan? x

=cot? x - tan? x =%
tan? x
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A marble is hanging at the end of a spring that oscillates over a table. The height & (in cm) of the
marble, relative to the table, as a function of elapsed time t (in sec) since the start of the movement
is given by h = 10sin =t + 15.

etric equation

a) What is the period of the function that describes the movement of the spring? _2 =25

b} Justity the steps in solving the equation that enables you to calculate at what moments, during
the first period of the movement, the marble is located 20 cm above the table.

1. 10sin e+ 15 = 20 Set up the equation.
2 10sinwt =5 Subtract 15 from each side.
3 sin wt = 0.5 Divide each side by 10.
4 mE= " ormte= S Deduce the 2 possible values of « t.
6 6
5 t— 1 or [ = 3 Deduce the 2 possible values of ¢,
. g ort s

¢} Keeping the periodicity of the movement in mind, determine the moments during the first 5
seconds when the marble is located 20 ¢ above the table.
15 13,17 _ 25_ 29

626" 6 " EYE S g

NeFIVITY 2 Selving more complex trigonometric equations
Consider the equation 3 sin 6 — 2 cos? § = 0 where 6 € [0, 27[.

a) Express the non-zero side in terms of only sin 8.
3sin~2(1 ~sin® ) =0
2sin?f+3sin-2 =0

b} Factor the non-zero side and then apply the zero product principle to determine the possible
values of sin 9.

(2sinl - INsinQ +2) =0
¢ Zsin-1=0or sinh+2 =0

EEN sin 0= % or sin( =-2

¢} Of the two values found for sin 6, indicate which one must be rejected and explain why.

sin B = -2 is rejected since V8, -1 < sinf < 1

d} What are the solutions to the equation?

ing=14 = =5r
smB—Z@G 60:’6 o
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Let us 1£5ustrat( the p:roca,dure for aolvmg tan’ 0+ 3 sec 0 tan § — sec? G == |,

tan® B 4 3 secHtan O — sec? § =

2y 3sin : " - . .
]| s snd L 11 Use the definitions of the trigonometric

Fcost B cos? 0 cos?h

ratios,
21cos?0# 0 cosB#0 21 Set the restrictions on .
6¢321 4+ 27mnand § %”i + 2, n € 7
3isin”H + 3sinhh—1=cos?0 3| Multiply each side by cos” 0.

I

41sin®0 4+ 3sin—1 =1 —sin?@ Use identities so that the equation uses the
2sin? 0+ 3sinf — 2 =10 same trigonometric ratio (sin 0 here).

51(2sin -~ T)sinh+2) =0 5| Factor the non-zero side.
612sin0—1=0o0rsin04+2=20 6] Apply the zero product principle.
7 sinf=1L or sin 0 = — 2(reject) 7| Deduce the values for sin 6 and reject some,
2 i necessary.
8 =275 or 0 == 8 81 Deduce the value of § over [0, p{ where
6 6 p = 27 is the period of sin 6.
(S ] IS {% 4 21m}» U { - nel 91 Deduce the solution set § over R, from the

resulting solutions and period.

% . Solve the following trigonometric equations over [0, 2.

Sw{i‘, Z_E’;"}_"T_,”“’ Smji?,,éﬁi
a) cosx-(2sinx+1)=0 276727 61b) (sinx—-2){2cosx—1)=0_"_13" 3]
2. Solve the following trigonometric equations over R.
_|5= 1= o .
a) (2 sinx+ (sinx —1) = 0 Sfl 7S +2wn]ui = +21mIU12+21m]
|z
b) (3sinx — 1) cosx— 0 $=(0,30+ 2un} (2,8 + Zun} U |2 + 25m)
&. Solve the following trigonometric equations over [0, 2%,
a) 4cos’0—-1=0 by 2sin°g~sin®—1=0
_iwm 2w 4n Bm _iwm In Ikw
s=3. 555 s=3. % 1|
¢} tan’6 -3 =0 d} 2sin? 2x — sin 2x = 0
_ln 2n 4n 5n _lp & = _ 13w 17x
S (3 3°'° 33 S"!o’zz’xz’“’ 12’12]
e} 2sin?0—cosh—1=0 f} sec?B4+sec—2=0
'rr 5n 2y 4
s=[5.= 5 s-lo. 5%
g} sec’0 —tanOsech —2=0 h) 4 tan? 26 = sec? 20
s |2z, 1n] S=|5. 52,7z Un 13n 47 195 23
6° 6 12°32° 72" 12 " 12 " 12 " 12 ' iz
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The trigonometric pom‘as ?U) and P ) are symmetrical aboat the X-axis.

a) Compare

1. cos (~t) and cost cos(-t) =cost 2. sin (1) and sin  sin (-t} = -sin t

b} Prove that, Vic R,

]

1. tan (~f) = ~tan t tan (-1) = g;‘% = :‘:—:)—?} = ~tan t x
2. cot ( 1) =-—cott cot (1) = :: f(:g N f:isntt - ':::: =rcoid TP
3. sec (=t) =sec t Secf"t)—zgsflf_—gm‘;ﬁmsect
4. csc (~t) = —csc t Csc(_zj‘mn'—z(_“—s—;r%w-cscz

: }.TOJ;rwa;ly“ I‘Ié.{:;ll t, we have: peote N

sin (1} = ~sin ¢;
tan (=) = ~tan ¢;
s (1) = —ose 1

tai t

cos (~1) = cos t
cot (—t) = —cot t

cos t

sec (=)= sec t

T
cos -~}
tan (-

AN

AVl

% 22 Addition formulas

On the right, we have represented the points P(a), P(6), P(a — b) and VA
P{0} on the trigonometric circle, Pib)
a} The following steps enable you to prove the formula: Pla — b)
. X . ; Plajga— &
cos {a — b) = cos a cos b + sin a sin b. R Y
\ a - I
1. Calculate d/P(a}, P(b)2. 0 -

We have: Pla)

= {cos a, sin a}, P(b} = {cos b, sin b} and

d{P{a), P(b))Z = (cos b ~ cos a)? + (sin b - sin a)?

=cos? h~2cosacosh +cos?a+sin®b-2sinasinh +sin?b

=2-2cosacosb-Z2sinasinhb

2. Calculate diP(a — b}, P(O}2.
We have: Pla - b) = (cos {a - B), sin {a - b)) and P(0) = ({1, (3}

d{P(a ~ b}, P(Q)) = [1 - cos (a - B} + [sin (a - b)J?

=1 -2 cos {a~b) + cos? {a -~ b) + sin? (a - b}

=2 ~2cos{a-b)
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3. Knowing that d(P(a), P(b)} = d{P(a —

b}, P(0}), justify the formula.

We deduce that Z -~ 2 cosa cos b~ 2 sin asin b = 2 ~ 2 cos {a ~ b),

that is cos {a - b} = cos a cos b + sin a sin b.

b} Use the formula: cos (a — b} = cos a cos b + sin a sin b, and the opposite angle formulas

(Activity I) to prove the formula:
cos {a + b) = cosa cos b — sin a sin b.

cos (a + b} = cos {a - {-b}} = cos a cos (~b)} + sin a sin {~b} = cos a cos b - sin a sin b

¢} Justily the steps in proving the formula: sin {a + b) = sin a cos b + sin b cos a.

Stens

Justifications

1. sin {a + b) = cos Eﬁ —{a+ B)i

2. =cos {l——a]wb!

2 !
3. =cos [g—a]cosb-%sin.[g——aJ sin b
4. =sinacos b+ sin b cos a

The sine of an angle is equal to the cosine of its
complementary angle.

Distributive properiy
cos {x - Y} = cO§ X cos v + sin x sin y.

When 2 angles are complementary, the sine of one
is equal to the cosine of the other.

d} Use the formula: sin (a + b) = sin a cos b + sin b cos a and the opposite angle formulas to prove

the formula: sin {a

b) = sin a cos b — sin b cos a.

sint {a ~ b} = sin {a + {(~b}} = sin a cos {~b) + sin {(-b} cos o = sin a cos b ~ sin b cos o

e} Justify the steps in proving the formula: tan (a + 33) =

tana -+ tan b
I—tanatank’

Steps Justifications
sin{a-+b
1. tan (a -+ b) m S?;((-%:-E)j Definition of tangent.
2 sinacosb+sinbcosa Expansion of sin (a + b} see d).
cos g cos b~ sira sin b Expansion of cos (a + b) see b).
3 = (sinacoﬂb+sinbcosa)+cosacosb x _x<zk (v & = @)
(cos a cosb —sin a sin b) + cos a cos b v o oy+k
t tan b
= % Reduction and definition of tangent.
f) Use the formula: tan(a +b)=-222280b 14 the opposite angle formulas to prove the
l—tanatanb PP & P
formuia:
_ - » - tan a + tan {~b) - tan o - tan b
tan (6@ mb)“*“ tang -~ tanb tan (a - b) = tan (a + (-b}) E-tana-tan{-b}) _1+itanotanhb

 l+tanatanb’

& Guérin, éditeur ltée
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. ADDITION FORMULAS

sin(a+b)=sinacosh +sinbcosa
cos (a+b) =cosacosbh — sinasinb

tan (51 n l’)) _ tmat tan b
' l—tanatanbd

The opposite angle formulas enable you to deduce that

sin (@~ b) =sin acos b — sin b cos a
cos {a—b)=cosacosh+sinasinb

tan @ — tan b
1+ tan a tan b

tan {(a — b} =

Double-angle fornsulas

a} Knowing that 2a = a + a, use the addition formulas to show that

1. sin 2a = Z sin a cos a.
sinZa=sinf{a+a})=sinacosa+sinacosa=2sinacos a

2. cos 2a = cos? a — sin” a.
cos2a=cosf{og+a)l=cosacosa~sinasinag =cos a~sina
fan a + tan o 2 tan a
3 tan 2o = tan {o + a} = =
3. {anZa:m ) ) I-tonatona I-tan’aq
1—tan? a

b} Knowing that sin? a -+ cos® a = 1, prove that

1. cos2a =2 cos*a — 1.
cos2a=cosfa~sina=cosf a- {1 -cos?a}=2cos? a~1

2. cos 2a =1 — 2 sin? a.
cos2a=cos® a-sin‘a=(l-sinaj-sinfa=1-2sin"a

sin 2a = 7 sin a cos a
2

cos 2a = cost a — sin a
w2 costa— ]
o= 1 -~ 2sin?a

tan 2q = 2002

]~ tan? a

© Guérin, éditeur ltée
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4} supplementary angie formulas
a} Use the addition formulas to show that

1. osin {n - x) = sin x,
sin {1 = x) = sin 1 cos x — sin x cOS ™

=0 cos x -~ sin x {~1)

= gin x

2. ¢os (T — x} = —Cos x.
cos (v ~x} =cosw cos x + sin x sin w

={-I} - cosx + 0 sinx

= ~-L08 X

3. tan (W —x) = —tan x.
tan (x - x) = fanm~tanx O ~tanx

= = = - {Qn x
I+ tan w tan x I+ 0 tan x

b} Deduce that
1. sec (w ~ x} = ~sec x.

[

= =~ =~ S$eCc X
cos (w~x) -cosx cos x

sec {x ~x) =

2. ¢sc{m — x} = CsC X,
- i = ,1 = ¢sc x
sin{w~-x} sinx

cs$C {7 = x} =

3. cot (mw — x) = ~cot x.
1 I N |

= = =~cot X
tan{n - x} -tanx fan x

cot {1 ~ x) =

sin {m — t) =sin ¢
cos (T — t) = —cos t
tan {m —t) = ~tan t

sec (W —t) =-sect
csC (m ~ 1) = csc t
cot {m —1) = —cot r

© Guérin, ¢diteur ltée
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a} Use the addition formulas to show that

1. sin {%mx)mcosx. 2. cos[—g—wasinx.
e b T i - T ® kD k W . T s
— = B - L L = KL + —
sin| 7 = x| = sin 3 cos x - sin x cos r:osf}2 x] €os 5 ces x + sin 3 sin x
=1l -cesx-sinx-0 =0 cosx + 1 sinx
= CO8 X = Sin x
b) Deduce that
1. tan[w;‘wﬁx}mcotx. 2. sec %~x}xcscx.
inl® —
tan{ﬂwxi‘ st g x)=wsx:cotx sec{ﬂ—x}= E = 1 _ csex
2 J cos {% - x) sin x b cos ('? ~x) sinx

sin
3
v ™
I tl=cost sec(wwtl-——csct .
.2 J 2 sin(F— 1)
cos {—;— - t} == sint csc [1‘— ~ z} = sect st
J 2
tan{ﬂwt}zcott cot[f‘fwt}ztant
2 ) 2

T. Knowing that a = 60° and b = 30°, verify that

a) sin{a+&)=sinacosb-+sinbcosa b) sin{a —b)=sinacosbh —sinbcosa
sin 90° = sin 60° cos 30° + sin 30° cos 6O° sin 30° = sin 60° cos 30° - sin 30° cos 60°
j-43. 42,1 1 1_43 43 11
2 2z 2 z 2 Tz 7272
¢} cos{a+b)=cosacosh ~sinasinb d) cos{a—0b)=cosacosbh +sinasinbh
cos 90° = cos 60° cos 30° - sin 60° sin 30° cos 30° = cog 60° cos 30° + sin 60° sin 30°
o-1.43_43 1 43 _1 43 4 1
z "z 2 2 2 2 7z g "2
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2. Knowing that a = 30°, verify that

a) sin 24 = 2sinacosa b} cos2a = cos®a — sin’ a
sin 60° = 2 sin 30°cos 30°  cos 60° = cos? 30° ~ sin® 30°
AE_,. 1 4% 1=£]2_{1f
2 z 2 2 2] z}
¢} cos2a=2cos’a — 1 d} cos2a=1-2sina
cos 60° = 2 cos? 30°- § _ cos 60° = § ~ 2 sin? 30°
42 V3
1_5. 48] Iy oL
5=2 { ; J 1 5=1 2{2

®. Use the addition formulas to simplify

a} sin (T\"+x)=sin~.r(;05x+sinxcosﬂ=-sinx b} Cos (ﬁ er) = CO§ 7 €O§ X ~ 8in T sin x = —¢os x

ki) v T . v
= gip - COSX+S§?]XCOS_“COSX i3 =08 o CO8 X~ $INn - 8in X = —SI5 X
d} cos {E + x] 2 2

¢} sin E + xJ 2 2

=

<3 and 0 = b = 2, calculate

. Knowing thatsin a = % and sin b = % and that 0 = g =

a} sin {a -+ b)

5 -—-J.?;, = <:._‘_‘_...., __gu. 3 .._},;2,, e o B, _m5...m
sma-—sandow = g w~>cosa—5,smb-—Igand!}\b\2-‘fcosb—I3
. . . 15 48 _ 63
= e e I = T
sinfa+b)=sinagcos b +sin bcosa 55 65 €5
b} cos (a + b}
20 36 _ -16
cosfa+b)=cosacoshb-sinasinh= 65 65 65
¢} tan (a + b)
tan (a + b) = tgna+tanb 3+42 _ 88 _ -63
I-tanatanb 1—{;'—«"—5‘{ 1-—%— 16
d} sin 2a
24
sin 2a =2 sinacos a = 25
e} cos2a
Fi
= 2 2 4= L
cos Z2a = cos® a - sin® a 25
2. Prove the following identities.
} sin2 7 tan x Ifr::;fx=‘iet:;;=2tanx-coszxm*cggc—{'coszx=2smxcosx=sm¢2x
& S £LX = ———————
1+ tan? x
I-tan? x _ I-tan? x . B
b) cos D == L— tan? . Jygmy = ™ =g = (1 ~ tan® x) - cos? x = cos? x - sin? x = cos 2x
1+ tan? x
sin x Zsmx
c) taanm__szaﬂ_ 2tanx  _ zcusx _ o8 = - 2 sin x cos x ‘sin2x“__*tan2x
i—tan?x ¥-tan® x §-sims ‘""“‘:’;7,?“’" cos? x — sin? x  cos 2x

©. Show that tan 75° has the exact value: 2 4 +/3.

2
tan 45° + tan 30° 1*““" _3+43 _ (3+J§} _12+643 _ —2+4J3

1~ tan 45° - tan 36° 1w_33.; 3-43 (3-5)(3+J§) 6

© Guérin, éditeur ltée B.1G Trigonometric formuias 255



a} The sine function is represented below. Explain why the inverse of the sine function is not a

function.
There exists a horizontal line that passes through the curve at more than one point.

ya y=sinx

=l
=
-+
-
Pafes
LEIE I
® Y

b} A portion of the sine function, when the variable x varies
between -5 3nd I is represented on the right.

This new graph represents the function called principal sine
denoted Sin,

i3
1. Determine 2
L m -1, 1} “
1y dom Sin "2~ 2] 2) ran Sin . - T
. ) P N
2. Is the inverse of the Sin function a function? __ Yes o 2

3. Deduce the graph of the inverse Sin™! by a reflection about the line v = x.

4. Complete

intolegnilo &
Sin E 2<:$Sm 5
5. Determine (o w
. 1 “‘“1, 1 . E“_w_'i
1) dom Sin"! 1. 1 2} ran Sin”! 1 2° 2]

m'ecsmg Fummw

LS N
S 4

: . ;xHV:‘%mY : -
The interse il of the principal sine function is a fumtzon called [ 7}
arcsine ffir;(tmn dtn(ﬂ_t’d arcsin; o e

"

i . [N y:.argsinx..i,...

arcsin: i I ------- . ; 5
- ] E 2’31 _ S —
AR |
c . x; = Y = ArCsin X : _ —E1 T 1: >
“Ex.arcsin |- | = 2 since Sin £ = 2 :
S x. f} ﬁ‘) 2 i B
- CL . 43
L : . . . 5 . . . e “ B
e 'We have:-dom arcsin = [-1, 1] and ran arcsin == "y }
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a) The cosine functmn is represented below. Explain why the inverse of the cosine function is not
a function.
There exisis a horizontal line that passes through the curve at more than one point.

y=cosx

b} A portion of the cosine function, when the variable x varies
between 0 and « is represented on the right.

This new graph represents the function called principal
cosine denoted Cos.

1. Determine

1) dom Cos {0, ™ 2) ran Cos 1. 1]
2. Is the inverse of the Cos function a function?
Yes

3. Deduce the graph of the inverse Cos™! by a reflection
about the line y = x.

4. Complete

x_.1 -1 3
Cos 373 <> Cos 5
5. Determine
1} dom Cost 1. 1 2) ran Cos~! {971

 ARCCOSINE mmmmi &

o Fhe princ ipal cosine Functmn denoted C os, is dcfmcd by
Cos [0, 7} — [-1,1]

s The inverse Cos™! of the principal Loqne functmn is a function
o uaﬂcd arccosine function, denoted arccos. '

arccos: [-1, 1] — [0, ]
: X sy S ATCCOS X o
Ex arccos + = L since Cos == L - e P\ v o arecos x
2 3 3 2 _ ' '
W b&\ e dum arccos = [=1, 1] and ran arccos = _?1 o ol
. - 2

PER
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ACTIVITY 3 Arctangent furction

1 I
a} The tangent function is represented below. Explain why the : T !
inverse of the tangent function is not a function. | .
SR L)
There exists a horizontal line that passes through the curve at [ 1 b 5 AN AN
t

more than one point.

Loy =180 X
i
|

-

b} A portion of the tangent function, when the variable x varies / B

~a|A
I*% 4

between —% and—'”zi is represented on the right. This new

graph represents the function called principal tangent

denoted Tan.
1. Determine | -
1) dom Tan "2 2] 2) ran Tan B
2. s the inverse of the Tan function a function?
Yes

3. Deduce the graph of the inverse Tan™! by a reflection
about the line y = x.

4. Complete

ka

Tan % =l Tan ! 1= _4
5. Determine |

1) dom Tan-! B 2) ran Tan ! g 2|
6. Does the inverse Tan™ have any asymptotes? If yes, give their equations.

Yes, 2 horizontal asympiotes with equations y = :51 and vy = g“

' i. G el - ::E_I ;
® th Wmu;ml mngem functl(sn d{ tmt(‘d Ian is dchm d :b} : Ay 4
. : L= T Tan x
Tan: - - R PR salid
ans =g ! I
i i 13
Xy Tanx ! e
- = s
e The inverse Tan™! of the prmupal tangcnt iumuen is a4 function  7; A
: i P [
.c,a}h d ‘il{tany*m function de rmted ar(t‘m : b L
Carctan: B -+ [ rr l o v
Lo 1 2n2 e £
CxoreTy s arctan x T 7,
Ex.: arctan 1 = 4 “since Tan Z 2= ] A K3
’ ,v ar(_:ta_ﬂ x
s .W%; have: dom arctan = R and ran arctan = I——;; -2— g A 1‘ f x
‘o The arctan func tion has 2 horizontal asymptotes: »
Ly and = ~7~
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% . Without using a calculator, determine the exact value of

12 = 943 Z = N
ay sin"2=_ 24 by cos'X__® <« 13 3 d) arcsin|-2_ 6
}s 2 ) 5 ) tant 3 } 5|t
Zn S = il , *
e} arccos|{—=|. % 1} arctan 5 6 gy arcsind 2z . h} arccos {-1)
Z. Find the zeros of the following functions.
a) arcsine G I3} arccosine 1 / ¢} arctangent 0
#. Study the sign of the following functions. 2o
a) arcsine arcsin x < 0 if -¥ = x = 0 and arcsin x = 0 ifFO=sx= 1
ZER
l‘)) ArCCOSITe arccos x*= 0,V x ¢ 1, I}
¢} arctangent arctann x < O ifx < Qand arcianx = D ifx = O
Calculate
£ 1
a}) sin (cos“]' ;) 2 b} cos (sin"] ‘5) 2 _ ¢} tan (S‘in“i J;} R
2 1
d} sin(tan'l) 2 ) cos(tan—i 43 ) 2z 1} tan {cos”l (——12—)) o
o 3 £ . . 2
g} cos (si.n‘ ' lMED .......... z_ n} sin™ (tan z] 2 i} tanjsin” {M,im -1
£. True or false?
a) The arcsine function is always increasing, True
b} The arccosine function is always decreasing. True
¢} The arctangent function is always increasing. True
d} The arcsine and arccosine functions have the same domain, True
e} The arcsine and arccosine functions have the same range.  Fafse
&. Solve the following equations.
2 3
sin x = = = . _om X =N x=-]
a} arcsinx y R A b} arccosx — ¢} arctanx y LA
i3 ' -~ X = ‘--{—2—' s
d} arctanx = -5 X 3 g} arcsinx = - 2 f) arccosx=—  x=0
7. Solve the following equations.
- A3 . -4z
a) sin (arccos x) = % *=2 b} tan (arcsin x) = 1 )
- ' 2
¢} cos (arctanx) =1 x=0 d} sin (arctan x) == =~ x=-1
&. True or false?
&) arcsin x + arccos x = “g“ True
b} tan (arcsin x) = True
J.E - x?
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bl Convert 7

the nearest tenth),

>y ””[

T into degrees. 25
g

Y I el
“into radisns, iz

It tfm'* Cil’(léi-f h 45 a mdnm oi“ 12 em, czﬂc”ulatr the Imgth o% the sub-tended arc {round to
11.8 em

What are the coordinates of the trigonometric point P(1) located in the 3rd quadrant i

~i5 ”?f]
7 ! 17 : s

Evaluate sin {z s

4

Cors f 5

'f] if ; <1< and sin ¢ =

:siwn. [t—— %’ = gin f cos %szm ifw cos t = %ig {;?;1 —_zij.,%l w _fh}i{;@w ...... :!

Evaluate cos 213 cogt = :i
. >

7

S

COS 2208 d -

cos 2t=2Zcos? t~ 1 = 1
o S £+ O
©. Find the coordinates of the point P(1), located in the 3rd quadrant, if tan ¢ = i?:g
o 2 289 L 17 ~15 - -§ .
sees [ nI + tan® § o= YTt sec{:« - COS | = T?T’ sin t m__?f P(t) [ ”]
F. 1 P)= { ] find the coordinates of the point P{2
Pt} = (cos Zt sin 2t} = (casz F- sz £, & sim f cos t} %7" =24
o 125 25 | B
8. Find the exact Cartesian coordinates of the trigonometric point Pl L
-19 5ay 03 1} :
plg=| - P -2 -]
1
B. Knowing that sing = >, cosa = 2, sin b= 1:3 cos b — ~]—‘;‘ find the value of
5
i . . sinacos b + sin beosa = ég;
al sinla+by
. cosaeosb+smﬁsmb—6'§ i
by cos{a—~by 65 {
£ 3 P R H
o a +fan byt 56 !
C} tan (o + b) I~tanafanb 1+ 4.4 3? |
) si 20 2 sin b cos b o Simb tan 0 i
§ @' Siﬂ'}.plif‘\i _snzh . Ficos 2 Z cos® oy cos b : )
L i = o | _'
S5t A —~ L4 SRt £ B g ros o .
%4 “\IITlp]lf’\ sin 4a cos Za - sin 2a cos 4a s (Za—a)  eona FZOS p = Z sin a.

- 5in 2 sin
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T2. Given the trigonometsic point P(1) l

trigonometric poin

AR
a) P%é’ o wi I“ 2 ,.%l

2

| 3 -2 SR T
¢ Plrdwy 175 d} Pln—1) "5 5.

1%, 11plas

H

2
w320 v ba- 20 =80 a=-50ra= 2

a+2i _"as« b
1 ,,,,,,,,,, |+

/

T 5. The function fis given by the rule flx) = ~4 cos ; {x ~ 23 + 2. Determine
- .
-2, 6}

a} the amplicude 4 by the period of £ ¢} ranf.

d) the zeras of {14+ 12n] 0112 + ¥2n)

-# ‘ & ~ i 7
a) cost_ 37 Bjtant g Cpcotr G5 ysect T ey osor 35

e} the sign of fover [2, 14), _fe) <6 x (2, 4[ 1 J12, 14, fix) > 0 = x = ]4, 12]

16. Determine the zeros of the following trigonometric functions over B

(91 an) 12 4]

a} flx)= Zsin »;1 x = 3) - 1 5 4

" 4] i
b flx) = —6cos (x4 1) 3 i en)

{2+ Br} i {8 + 8n}

C} f()C) = 2 tan Z (x ‘‘‘‘‘ E) 42
EMIE + 33}}“ i {0 70 + 3!’1§ )

. . i 3 A8 + wnf 0 [1.62 + 5
e} Hup=-2Zcos2{x+ 1)+ 1 f tond e * "

| B7. Find the rule of the sinusoidal function o

represented on the right, 5
ym-23§n-»§»(x—1)+2
T g /
[, E e
; »
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9. Solve the following equations over M, 2wl

R L
a) 2sinfx o b=0_ é_ {‘3 - } ...... S
. ‘ G . |20 47?‘}
by (Zeosx-+ Dilsine  3)=0 7 17373

- . . 5= [0.64; 2.50: 3.78; 5.4
¢} 75 sin?x 9 =0 o > oY ) o

8= {1,98; 430, 7, 5@,;‘1-}

i g) (Scosx 4 2)(Zsiny - 1) =0

28, True of falee?

a) sin{g +b)=sinasinb False by sinZa-= Zsing False
¢} sinx =sintx False di cos2a = cos®a - sinca Yrwe_
@ %. A metal ball is attached to the end of a vertical spring. The spring is stretched to a length

of 3 cmin relation to its equilibrium point and then released.

The function which gives the hall's position {in sec) relative 1o its equilibrium point,
as a function of tzmc t (i cmj since the re de of the spring is ngu by the rule:
plty = 5cos wr 0 == 10 _
At what moments over the first 5 seconds is the spring’s position even with its
equilibrium point?

= = mi=To =37 Lt =3, veriod =
plth =0 Scos wt =0 < . =50 rowf= 2 o f Zort ...z,pr,rmd .“23,
The points are: 0.535; 1.5 5: 2.5 5 i 3.5 s and 4.5 5.

€2. The bird population of a certain region varies throughout the year. The population P{1),
i in thousands, as a function ol time ¢ since January st is described by the rule:

Plt)=-6.4 cos [Em r) + 10

At what moments in the vear are there 6800 birds in this re;-=;z:§<'m?
s b= 2 ort = 10,

we;@ms'::.t + 10 = 68»\cosé~t = 0.5 4

Flarch Ist or Ocmber s,
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p

Z£%. The carrent ] {in amperes) produced by a generator is given by the rule [ = 20 sin 30x ¢
where ¢ represents the time (in secomds) since the moment the generator was turned on.
How leng, sfter turing the generator on, do we ohserve an intensity of 10 amperes
i

a} the first ime? _ After g seconds.

-
& o
b} the second time? _ A1er qgg seconds.

24&. Prove the following identities.

Cos

b
{~sint (I-sinifi+sime)  T-sin®t . cos® f . tost
[ _eos t{lxsin g} cos i{d+sing)  cost {L+rgint) 1 + sife L

e sin 2f .

i}} i vty ‘tan t
Tobocan Ji

sim 2t Peinieosd  Zsintrost  ging

cohrros Bt XadZcosfr -0y Prosti o cosid

= fony

¢} costt-sint 1 = cos 2t

cos? t - sin? ¥ = {cos?t + sin” thcos? t ~ sin? £} = 1{cos 28 = cos Pt

= O5C T — ot T
R T LD L= LUNEs T L e
 Hpm i sini  sint &l f -

25, (:zlia'ttlz;t(-=_,

. ER ; el ] 3 o
&) smrms“}«{};} ..... I S cas[sm Iz;;}- . 1;: — . Q) tanfsin! Gj__...__._..;(-.).. _—
. =y 6 . _
o a1 ¥3 22 f Al - 2
d} cos {Lm _z] 2 e} tan|sin 1 ,ﬁJ - T § s;ec(taﬂ‘l- ﬁ) N
26. Solve the following equations.
i X o z ' : ' . X = L‘Jg
a) sin(a’r{:cr(}fs x) == .z b} tan {arcsin x) = -1 2.
- k= - w43
) sec (arcsin x)= N z d} cse (arctan x) = 2 3
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